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♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t q✉❛❧✐t② ♦❢ ❛ ♣♦❧✐❝②✲r❡❧❡✈❛♥t ✐t❡♠ ✐s ✇♦rr②✐♥❣✳
■♥ ❣❡♥❡r❛❧✱ ✈❛❧✐❞✐t② ✐s ✇✐❞❡❧② r❡❣❛r❞❡❞ ❛s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠❡❛s✉r❡♠❡♥t
♣r♦♣❡rt②✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ st❛t✐st✐❝❛❧ ♠♦❞❡❧s ❞❡s✐❣♥❡❞ ❢♦r t❤❡
❛♥❛❧②s✐s ♦❢ ✈❛❧✐❞✐t② ✭❡✳❣✳ t❤❡ tr✉❡✲s❝♦r❡✲▼❚▼▼✲♠♦❞❡❧s ♦❢ ❙❛r✐s ❛♥❞ ❆♥❞r❡✇s
✭✶✾✾✶✮❀ ❙❝❤❡r♣❡♥③❡❡❧ ❛♥❞ ❙❛r✐s ✭✶✾✾✼✮✮✱ r❡q✉✐r❡s s♣❡❝✐✜❝ ❞❡s✐❣♥❡❞ s✉r✈❡②s
✭❢♦r ❡①❛♠♣❧❡✱ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ s❛♠❡ ❝♦♥str✉❝t ✉s✐♥❣ ❞✐✛❡r❡♥t ♠♦❞❡s✮✳
❉❡s♣✐t❡ ❛ ✹✵ ②❡❛r ❤✐st♦r② ♦❢ t❤❡ ✉s❡ ♦❢ t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r✱ ✇❡ ❛r❡ ♥♦t ❛✇❛r❡
♦❢ s✉❝❤ s✉r✈❡②s✳ ❍♦✇❡✈❡r✱ ✉s✐♥❣ r❡❧✐❛❜✐❧✐t② ❛s ❛ t♦♦❧✱ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡
✈❛❧✐❞✐t② ♦❢ t❤✐s ✐t❡♠ ❜❡ ❡st✐♠❛t❡❞ ✭❆❧✇✐♥✱ ✶✾✽✾✮✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t✱ t❤❛t
✏r❡❧✐❛❜✐❧✐t② ♦❢ ❛ t❡st ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ tr✉❡✲s❝♦r❡ ✈❛r✐❛t✐♦♥ r❡❧❛t✐✈❡
t♦ ♦❜s❡r✈❡❞✲s❝♦r❡ ✈❛r✐❛t✐♦♥✑ ❛♥❞ t❤❛t t❤❡ ✏✈❛❧✐❞✐t② ♦❢ ❛ t❡st ✇✐t❤ r❡s♣❡❝t
✷
t♦ ❛♥② ❝r✐t❡r✐♦♥ ❝❛♥♥♦t ❡①❝❡❡❞ t❤❡ ✐♥❞❡① ♦❢ r❡❧✐❛❜✐❧✐t②✑ ✭▲♦r❞ ❛♥❞ ◆♦✈✐❝❦✱
✶✾✻✽✱ ✻✶✱✼✷✮✳ ❚❤❡r❡❢♦r❡✱ ✈❛❧✐❞✐t② ❝❛♥ ♥♦t ❡①❝❡❡❞
√
σ2t /σ
2
x =
√
σ2tr✉❡/σ
2
♠❡❛s✉r❡❞
✳
❋✉rt❤❡r✱ ♦♥❡ ❤❛s t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t r❡❧✐❛❜✐❧✐t② ✐s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r
✈❛❧✐❞✐t②✱ ❜✉t ♥♦t ❛ s✉✣❝✐❡♥t ♦♥❡✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ✐♥❞✐❝❛t♦r ✇❤✐❝❤ ✐s ♥♦t r❡❧✐❛❜❧❡
✐s ❛❧s♦ ♥♦t ✈❛❧✐❞✱ ❜✉t ❛♥ ✐♥❞✐❝❛t♦r ✇❤✐❝❤ ✐s r❡❧✐❛❜❧❡ ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ t♦ ❜❡
✈❛❧✐❞ ❜✉t ♦♥❧② t❤❛t ✐t ❝❛♥ ❜❡ ✈❛❧✐❞ ✭❆❧✇✐♥✱ ✷✵✵✼✮✳
❚❤❡r❡❢♦r❡✱ t❤✐s st✉❞② ✐s t❤❡ ✜rst ❛tt❡♠♣t t♦ q✉❛♥t✐❢② r❡❧✐❛❜✐❧✐t② ❛♥❞ st❛❜✐❧✐t②
♦❢ t❤❡ st❛♥❞❛r❞ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦r✳ ❙✐♥❝❡ t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r ✐s ❛
s✐♥❣❧❡ ✐t❡♠ ❛♥❞ ♥♦t ❛ ❝♦♠♣♦s✐t❡ s❝❛❧❡✱ r❡❧✐❛❜✐❧✐t② ❝❛♥♥♦t ❜❡ ❡st✐♠❛t❡❞ ❜②
♠❡❛s✉r❡s ♦❢ ✐♥t❡r♥❛❧ ❝♦♥s✐st❡♥❝② s✉❝❤ ❛s ❈r♦♥❜❛❝❤✬s α ✭s❡❝t✐♦♥ ✸✮✳
❲❡ ✇✐❧❧ ❡st✐♠❛t❡ r❡❧✐❛❜✐❧✐t② ✇✐t❤ ❛ s♣❡❝✐❛❧ ✈❡rs✐♦♥ ♦❢ q✉❛s✐✲▼❛r❦♦✈ s✐♠♣❧❡①
♠♦❞❡❧s ✭❏ör❡s❦♦❣✱ ✶✾✼✵✮ ❢♦r s✐♥❣❧❡ ✐♥❞✐❝❛t♦rs ❛s ♣r♦♣♦s❡❞ ❜② ❲✐❧❡② ❛♥❞ ❲✐❧❡②
✭✶✾✼✵✮✳ ❯s✐♥❣ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥s✱ s✉❝❤ ♠♦❞❡❧s ❝❛♥ s❡♣❛r❛t❡ tr✉❡ ❝❤❛♥❣❡
❛♥❞ r❛♥❞♦♠ ♠❡❛s✉r❡♠❡♥t ❡rr♦r ❣✐✈❡♥ ♣❛♥❡❧ ❞❛t❛ ✇✐t❤ ❛ s✉✣❝✐❡♥t ♥✉♠❜❡r ♦❢
✇❛✈❡s ✭❆❧✇✐♥✱ ✷✵✵✼❀ ✈❛♥ ❞❡ P♦❧ ❛♥❞ ❞❡ ▲❡❡✉✇✱ ✶✾✽✻✮✳ ❋♦r t❤❡ ❡st✐♠❛t✐♦♥✱ ❛
❢♦✉r✲✇❛✈❡ ♣❛♥❡❧ ❜❛s❡❞ ♦♥ t❤❡ ❇r✐t✐s❤ ❍♦✉s❡❤♦❧❞ P❛♥❡❧ ❙t✉❞② ✭❇❍P❙✱ t❤r❡❡
✇❛✈❡s✮ ❛♥❞ t❤❡ ❯❑ ❍♦✉s❡❤♦❧❞ ▲♦♥❣✐t✉❞✐♥❛❧ ❙✉r✈❡② ✭❯❑❍▲❙✱ ♦♥❡ ✇❛✈❡✮✱ ✇✐❧❧
❜❡ ✉s❡❞ ✭s❡❝t✐♦♥ ✹✮✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ r❡s✉❧ts✳
✷ ▼❡❛s✉r✐♥❣ ❢❡❛r ♦❢ ❝r✐♠❡ ✇✐t❤ t❤❡ st❛♥❞❛r❞
✐♥❞✐❝❛t♦r
❉❡s♣✐t❡ t❤❡ ✇✐❞❡ ✉s❡ ♦❢ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦rs✱ t❤❡ ❝♦♥❝❡♣t✉❛❧✐③❛t✐♦♥ ❛♥❞
♠❡❛s✉r❡♠❡♥t ♦❢ ❢❡❛r ♦❢ ❝r✐♠❡ ✐s st✐❧❧ ❞❡❜❛t❡❞ ✭❋❛rr❛❧❧ ❡t ❛❧✳✱ ✷✵✵✾✮✳ ▼♦st ♦❢t❡♥✱
❛ s✐♠♣❧❡ ♠❡❛s✉r❡ ❜❛s❡❞ ♦♥ ♦♥❡ ✐t❡♠ ✐s ✉s❡❞✳ ❘❡s♣♦♥❞❡♥ts ❛r❡ ❛s❦❡❞ s♦♠❡
✈❛r✐❛t✐♦♥ ♦❢ t❤❡ q✉❡st✐♦♥s ✏❍♦✇ s❛❢❡ ❞♦ ②♦✉ ❢❡❡❧ ♦r ✇♦✉❧❞ ②♦✉ ❢❡❡❧ ✇❛❧❦✐♥❣
❛❧♦♥❡ ✐♥ ②♦✉r ♥❡✐❣❤❜♦r❤♦♦❞ ❛t ♥✐❣❤t❄ ✑ ♦r ✏❍♦✇ s❛❢❡ ❞♦ ②♦✉ ❢❡❡❧ ✇❛❧❦✐♥❣ ❛❧♦♥❡
✐♥ t❤✐s ❛r❡❛ ❛❢t❡r ❞❛r❦❄ ✑ ✭❋r❛♥❦❧✐♥ ❡t ❛❧✳✱ ✷✵✵✽✮✳
❚❤❡s❡ ✐♥❞✐❝❛t♦rs ❛r❡ ♥♦t ✐♠♠✉♥❡ t♦ ❝r✐t✐❝✐s♠ ❛♥❞ ❞♦✉❜t r❡❣❛r❞✐♥❣ t❤❡✐r ✈❛❧✐❞✲
✐t②✳ ❋♦r s♦♠❡ ❛✉t❤♦rs✱ t❤❡② ❧❛❝❦ ❛ ❝❧❡❛r ❝♦♥❝❡♣t✉❛❧✐③❛t✐♦♥ ❛♥❞ ♣r❡s✉♠❡ t❤❛t
❢❡❛r ♦❢ ❝r✐♠❡ ✐s ❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❤❡♥♦♠❡♥♦♥ ✭❋❛rr❛❧❧ ❡t ❛❧✳✱ ✶✾✾✼❀ ❍❛❧❡✱ ✶✾✾✻❀
❏❛❝❦s♦♥✱ ✷✵✵✺❀ ❑r❡✉t❡r✱ ✷✵✵✷✮✳ ❋✉rt❤❡r ♣♦✐♥ts ♦❢ ❝r✐t✐❝✐s♠ ❛r❡ t❤❡ ❤②♣♦t❤❡t✲
✐❝❛❧ ♥❛t✉r❡ ❛♥❞ ❞✐✛✉s❡ s♣❛t✐❛❧ ❢r❛♠❡ ♦❢ r❡❢❡r❡♥❝❡ ♦❢ t❤❡ s✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡❞
✐♥ t❤❡ q✉❡st✐♦♥✱ ❛s ✇❡❧❧ ❛s t❤❡ ♠✐ss✐♥❣ r❡❢❡r❡♥❝❡ t♦ ❝r✐♠❡✱ ❛s ♣♦✐♥t❡❞ ♦✉t ❜②
●❛r♦❢❛❧♦ ✭✶✾✼✾✮✳ ❘❡s♣♦♥❞❡♥ts ❛r❡ ❝♦♥❢r♦♥t❡❞ ✇✐t❤ t❤❡ t❛s❦ ♦❢ ❛ss❡ss✐♥❣ t❤❡✐r
♣❡r❝❡✐✈❡❞ s❛❢❡t② ♦✉t ❛❧♦♥❡ ✐♥ t❤❡ ❞❛r❦✱ ✇❤✐❝❤ ♠❛② ❜❡ ❛ r❛r❡ ❛❝t✐✈✐t② ❢♦r ♠❛♥②
♦❢ t❤❡♠✳ ❆❝❝♦r❞✐♥❣❧②✱ ❙❤❛♣❧❛♥❞ ❛♥❞ ❱❛❣❣ ✭✶✾✽✽✮ st❛t❡ t❤❛t t❤❡ ❛tt❡♠♣t t♦
♠❡❛s✉r❡ ❢❡❛r t❤r♦✉❣❤ ❛ ♣♦t❡♥t✐❛❧❧② ♥♦♥✲❡①✐st❡♥t ❛❝t✐✈✐t② ✐s q✉❡st✐♦♥❛❜❧❡✳ ❋✉r✲
t❤❡r ♣r♦❜❧❡♠s ❛r✐s❡ ✇✐t❤ s♦♠❡ ✇♦r❞✐♥❣s ✐♥ ✈❛r✐❛♥ts ♦❢ t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r✳
✸
❚❡r♠s s✉❝❤ ❛s ✏♥❡✐❣❤❜♦r❤♦♦❞✑ ♦r ✏✇♦rr②✑ ❛r❡ ♦♣❡♥ t♦ ✈❛r②✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥s
❜② ❞✐✛❡r❡♥t ♣❡♦♣❧❡ ❛♥❞ ♣♦s❡ t❤❡ r✐s❦ ♦❢ ♣r♦❞✉❝✐♥❣ ♠✐s❧❡❛❞✐♥❣ r❡s✉❧ts ✭❋❛rr❛❧❧
❡t ❛❧✳✱ ✶✾✾✼❀ ❍❛❧❡✱ ✶✾✾✻✮✳ ❙✉❜s❡q✉❡♥t❧②✱ ❋❡rr❛r♦ ❛♥❞ ▲❛●r❛♥❣❡ ✭✶✾✽✼✮ ❛❞❞r❡ss
t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❡t❤❡r t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦rs ♠❡❛s✉r❡ ❢❡❛r ♦❢ ❝r✐♠❡ ♦r ❥✉st
t❤❡ ♣❡r❝❡✐✈❡❞ r✐s❦ ♦❢ ❜❡✐♥❣ ♦✉t ❛❧♦♥❡ ❛t ♥✐❣❤t✳ P❡rs♦♥s ✇✐t❤ ❛ ❤✐❣❤ r✐s❦ ♣❡r✲
❝❡♣t✐♦♥ ♠✐❣❤t ❛♥s✇❡r t❤❛t t❤❡② ❢❡❡❧ ✉♥s❛❢❡✱ ✇❤✐❧❡ t❤❡② ❛❧s♦ ❛✈♦✐❞ s✐t✉❛t✐♦♥s
✇❤❡r❡ t❤❡② ❛r❡ ♦✉t ❛❧♦♥❡ ❛t ♥✐❣❤t✳ ❚❤✉s✱ t❤❡② ❞♦♥✬t ❞❡✈❡❧♦♣ ❛ ❤✐❣❤ ❢❡❛r ♦❢
❝r✐♠❡ ❜❡❝❛✉s❡ t❤❡② ❞♦♥✬t ♣✉t t❤❡♠s❡❧✈❡s ✐♥ s✐t✉❛t✐♦♥s ✇❤✐❝❤ t❤❡② ♣❡r❝❡✐✈❡ ❛s
r✐s❦②✳ ●✐✈❡♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝❧❛ss✐❝ ❣❧♦❜❛❧ ✐♥❞✐❝❛t♦r ♠❛❦❡s ♥♦ r❡❢❡r❡♥❝❡ t♦
❛ s♣❡❝✐✜❝ ❝r✐♠❡✱ ♦r ❛♥② ❝r✐♠❡ ❛t ❛❧❧✱ ❋❡rr❛r♦ ❛♥❞ ▲❛●r❛♥❣❡ ✭✶✾✽✼✮ ❛s❦✿ ✏❢❡❛r
♦❢ ✇❤❛t❄✑✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ❢❡❛r ♦❢ ❝r✐♠❡ ✉s✐♥❣ ❛ s✐♥❣❧❡ ✐t❡♠ s❡❡♠s
t♦ ❜❡ ❤❛♠♣❡r❡❞ ❜② ❛ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❛rt✐❢❛❝t✳ ❚❤❡ ❝r✐♠✐♥♦❧♦❣✐❝❛❧ ❧✐t❡r❛t✉r❡
♦♥ ❢❡❛r ♦❢ ❝r✐♠❡ s✉❣❣❡sts ❣❡♥❞❡r ❞✐✛❡r❡♥❝❡s ✐♥ r❡s♣♦♥s❡ ❜❡❤❛✈✐♦✉r✳ ▼❛❧❡
r❡s♣♦♥❞❡♥ts ♠❛② ♥♦t ❛❞♠✐t t❤❡✐r ❢❡❛r t♦ ♦t❤❡rs ♦r t❤❡♠s❡❧✈❡s ❛♥❞ ♠✐❣❤t
❛♥s✇❡r ✐♥ t❡r♠s ♦❢ ❛♥ ❡①❛❣❣❡r❛t❡❞ ♠❛s❝✉❧✐♥❡ ✐❞❡❛❧ ✭●♦♦❞❡②✱ ✶✾✾✼❀ ❙♠✐t❤
❛♥❞ ❚♦rst❡♥ss♦♥✱ ✶✾✾✼❀ ❙✉tt♦♥ ❛♥❞ ❋❛rr❛❧❧✱ ✷✵✵✺✮✳ ■t ✐s t❤❡r❡❢♦r❡ ♣♦ss✐❜❧❡ t❤❛t
♠❛❧❡ r❡s♣♦♥❞❡♥ts ♦✈❡r✲r❡♣♦rt t❤❡✐r ❢❡❡❧✐♥❣s ♦❢ s❛❢❡t② ❛♥❞ ❛✈♦✐❞ ❝♦♥s♣✐❝✉♦✉s
❛♥s✇❡rs ✭❑r♦s♥✐❝❦✱ ✷✵✵✷✮ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡✐r ♣❡r❝❡♣t✐♦♥s ♦❢ s♦❝✐❛❧❧②
❞❡s✐r❛❜❧❡ r❡s♣♦♥s❡s ✭❚♦✉r❛♥❣❡❛✉ ❛♥❞ ❚✐♥❣✱ ✷✵✵✼✮✳ ❋❡♠❛❧❡ r❡s♣♦♥❞❡♥ts ♠✐❣❤t
❛♥s✇❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❢❡❛r ♦❢ s❡①✉❛❧ ❤❛r❛ss♠❡♥t✱ ✇❤✐❝❤ ♠❛② ❞♦♠✐♥❛t❡ ✐♥
t❤❡✐r ❛♣♣r❛✐s❛❧ ♦❢ ❢❡❛r ♦❢ ❝r✐♠❡✳ ❲❛rr ✭✶✾✽✹✮ ❝♦✐♥❡❞ t❤❡ t❡r♠ ✏♠❛st❡r ♦✛❡♥s❡✑✱
♠❡❛♥✐♥❣ t❤❛t ❢❡❛r ♦❢ r❛♣❡ ♦r s❡①✉❛❧ ❛ss❛✉❧t ♣♦s❡s ❛ ✉❜✐q✉✐t♦✉s t❤r❡❛t✱ ❝❛♣❛❜❧❡
♦❢ ✏s❤❛❞♦✇✐♥❣✑ ✭❲❛rr✱ ✶✾✽✺✮ ♦t❤❡r t②♣❡s ♦❢ ❝r✐♠❡✳ ❆❝❝♦r❞✐♥❣ t♦ ❋❡rr❛r♦
✭✶✾✾✻✮✱ ❢❡❛r ♦❢ s❡①✉❛❧ ❤❛r❛ss♠❡♥t ♠❛♥✐❢❡sts ✐ts❡❧❢ ♠♦r❡ str♦♥❣❧② ✐♥ s✐t✉❛t✐♦♥s
♦✉ts✐❞❡ ♦❢ t❤❡ s✉❜❥❡❝t✬s ♦✇♥ ❞✇❡❧❧✐♥❣✱ ❛ s✐t✉❛t✐♦♥ ❡①♣❧✐❝✐t❧② ❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡
q✉❡st✐♦♥✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❢❡♠❛❧❡ r❡s♣♦♥❞❡♥ts ❛r❡ ❡①♣❡❝t❡❞ t♦ r❡♣♦rt t❤❡✐r ❢❡❛rs
♠♦r❡ ✇✐❧❧✐♥❣❧② t❤❛♥ ♠❛❧❡ r❡s♣♦♥❞❡♥ts ✭❙✉tt♦♥ ❛♥❞ ❋❛rr❛❧❧✱ ✷✵✵✺✱ ✷✶✸✮✳
❚❤❡r❡❢♦r❡✱ ❞✐✛❡r❡♥❝❡s ✐♥ ♠❛❧❡ ❛♥❞ ❢❡♠❛❧❡ r❡s♣♦♥s❡ ♣❛tt❡r♥s ❛r❡ ❡①♣❡❝t❡❞✳
❚❤✐s ✐♠♣❧✐❡s ❞✐✛❡r❡♥t ❡rr♦r ❝♦rr❡❧❛t✐♦♥s✱ r❡q✉✐r✐♥❣ s❡♣❛r❛t❡ ❡st✐♠❛t✐♦♥s ♦❢
r❡❧✐❛❜✐❧✐t② ❛♥❞ st❛❜✐❧✐t②✳ ❚❤✐s ✇✐❧❧ ❜❡ ❡①❛♠✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✺✳
❋✐♥❛❧❧②✱ r❡❧✐❛❜✐❧✐t② ✐s ♥♦ ❣✉❛r❛♥t❡❡ ♦❢ ✈❛❧✐❞✐t②✳ ❆ ♣❡r❢❡❝t r❡❧✐❛❜❧❡ ♠❡❛s✉r❡
❝♦✉❧❞ ♠❡❛s✉r❡ s♦♠❡t❤✐♥❣ ❡♥t✐r❡❧② ❞✐✛❡r❡♥t t❤❛♥ ✐♥t❡♥❞❡❞✳ ❆s ❡❛r❧② ❛s t❤❡
❧❛t❡ ✽✵t❤ ❙❤❛♣❧❛♥❞ ❛♥❞ ❱❛❣❣ ✭✶✾✽✽✮ s✉s♣❡❝t❡❞ t❤❛t t❤❡ st❛♥❞❛r❞ ✐t❡♠ ♦♥❧②
♥♦♠✐♥❛❧❧② ♠❡❛s✉r❡s ❢❡❛r ♦❢ ❝r✐♠❡ ❛♥❞ ❝♦✉❧❞ ❝♦✈❡r ♠❛♥② ♦t❤❡r t❤✐♥❣s ✭❢❡❛r ♦❢
t❤❡ ❞❛r❦✱ ❢❡❛r ♦❢ s♣♦♦❦② ♣❧❛❝❡s✮ ❛s ✇❡❧❧✳ ❆❝❝♦r❞✐♥❣❧②✱ ◆♦❛❝❦ ✭✷✵✶✺✮ s❤♦✇❡❞✱
✇✐t❤ ❞❛t❛ ❢r♦♠ t❤❡ ❇r✐t✐s❤ ❈r✐♠❡ ❙✉r✈❡②✱ t❤❛t ❞✐✛✉s❡ ❢❡❛rs✱ s✉❝❤ ❛s ❢❡❛r ♦❢
t❤❡ ❞❛r❦ ♦r ❢❡❛r ♦❢ ❜❡✐♥❣ ♦✉t ❛❧♦♥❡✱ ✇❤✐❝❤ ❛r❡ ♥♦t ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ ❝r✐♠❡✱
❤❛✈❡ ❛ str♦♥❣❡r ✐♠♣❛❝t ♦♥ t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r t❤❛♥ ♦♥ ♦✛❡♥s❡✲s♣❡❝✐✜❝ ❢❡❛r
♦❢ ❝r✐♠❡ ✐t❡♠s✳ ❯s✐♥❣ q✉❛❧✐t❛t✐✈❡ ✐♥t❡r✈✐❡✇s ♦❢ ❡①tr❡♠❡❧② ❢❡❛r❢✉❧ r❡s♣♦♥❞❡♥ts✱
❑✉r② ❡t ❛❧✳ ✭✷✵✵✹✮ tr❛❝❡❞ ❢❡❛r ♦❢ ❝r✐♠❡ ❜❛❝❦ t♦ ♣❡r❝❡✐✈❡❞ ✐♥❝✐✈✐❧✐t✐❡s✳
✹
❙✐♠✐❧❛r ❝r✐t✐q✉❡s ♦❢ t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ❜② ❛ ❝♦✉♣❧❡ ♦❢
❛✉t❤♦rs✱ ❢♦r ❡①❛♠♣❧❡ ❋❡rr❛r♦ ❛♥❞ ▲❛●r❛♥❣❡ ✭✶✾✽✼✮ ❛♥❞ ❋❛rr❛❧❧ ❡t ❛❧✳ ✭✶✾✾✼✮✳
❚❤❡r❡❢♦r❡✱ ♠❛♥② ❛✉t❤♦rs ✭❢♦r ❡①❛♠♣❧❡ ❋❛rr❛❧❧ ❡t ❛❧✳✱ ✷✵✵✾❀ ❋❡rr❛r♦✱ ✶✾✾✺❀
❏❛❝❦s♦♥✱ ✷✵✵✺❀ ❑❡❛♥❡✱ ✶✾✾✷❀ ❑r❡✉t❡r✱ ✷✵✵✷❀ ◆♦❛❝❦✱ ✷✵✶✺❀ ❚❤♦♠♣s♦♥ ❡t ❛❧✳✱
✶✾✾✷❀ ❲❛rr✱ ✶✾✾✸✮ s✉❣❣❡st❡❞ r❡♣❧❛❝✐♥❣ t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r ✐♥ t❤❡ ❧♦♥❣ r✉♥
❜② ♠♦r❡ s♣❡❝✐✜❝ ♠❡❛s✉r❡s✳
❚♦ s✉♠ ✉♣✱ ❛t ❧❡❛st ❢❛❝❡ ✈❛❧✐❞✐t② ❛♥❞ ❝♦♥t❡♥t ✈❛❧✐❞✐t② ♦❢ t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r
✐s ❝♦♥t❡st❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤r♦✉❣❤♦✉t t❤❡ ❝r✐♠✐♥♦❧♦❣✐❝❛❧ ❧✐t❡r❛t✉r❡✱ ♠♦r❡
❝r✐♠❡✲s♣❡❝✐✜❝ ❢❡❛r ♦❢ ❝r✐♠❡ q✉❡st✐♦♥s ❛r❡ r❡❝♦♠♠❡♥❞❡❞ ✭❋❛rr❛❧❧ ❡t ❛❧✳✱ ✷✵✵✾❀
❋❡rr❛r♦✱ ✶✾✾✺❀ ●r❛② ❡t ❛❧✳✱ ✷✵✵✽❀ ❏❛❝❦s♦♥✱ ✷✵✵✺❀ ❑r❡✉t❡r✱ ✷✵✵✷❀ ◆♦❛❝❦✱ ✷✵✶✺❀
❲❛rr✱ ✶✾✽✹❀ ❲❛rr ❛♥❞ ❙t❛✛♦r❞✱ ✶✾✽✸✮✳ ❍♦✇❡✈❡r✱ ✐♥ ❣❡♥❡r❛❧ s♦❝✐❛❧ s✉r✈❡②s✱
t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r st✐❧❧ ♣r❡✈❛✐❧s✳
✸ ▼❡t❤♦❞s ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ r❡❧✐❛❜✐❧✐t②
❈❧❛ss✐❝❛❧ t❡st t❤❡♦r② ❞❡✜♥❡s r❡❧✐❛❜✐❧✐t② ❛s t❤❡ r❛t✐♦ ♦❢ tr✉❡ s❝♦r❡ ✈❛r✐❛♥❝❡ ❛♥❞
♦❜s❡r✈❡❞ s❝♦r❡ ✈❛r✐❛♥❝❡ ✭▲♦r❞ ❛♥❞ ◆♦✈✐❝❦✱ ✶✾✻✽✮✳ ❙✐♥❝❡ tr✉❡ s❝♦r❡ ✈❛r✐❛♥❝❡
✐s ✉s✉❛❧❧② ♥♦t ❛✈❛✐❧❛❜❧❡✱ r❡❧✐❛❜✐❧✐t② ♠✉st ❜❡ ❡st✐♠❛t❡❞✳ ❚✇♦ ♠❡t❤♦❞s ❢♦r t❤❡
❡st✐♠❛t✐♦♥ ♦❢ r❡❧✐❛❜✐❧✐t② ❛r❡ ✇✐❞❡❧② ❦♥♦✇♥✿ ♠❡❛s✉r❡s ♦❢ ✐♥t❡r♥❛❧ ❝♦♥s✐st❡♥❝②
❛♥❞ t❤❡ t❡st✲r❡t❡st✲♣r♦❝❡❞✉r❡✳
■♥ ♠♦st s♦❝✐❛❧ s❝✐❡♥❝❡ ❛♣♣❧✐❝❛t✐♦♥s✱ r❡❧✐❛❜✐❧✐t② ✐s ❡st✐♠❛t❡❞ ✇✐t❤ ❛ ♠❡❛s✉r❡
♦❢ ✐♥t❡r♥❛❧ ❝♦♥s✐st❡♥❝② s✉❝❤ ❛s ❈r♦♥❜❛❝❤✬s α✳ ❉❡s♣✐t❡ ✐ts ✇✐❞❡ ✉s❡✱ α ❛s ❛♥
❡st✐♠❛t♦r ♦❢ r❡❧✐❛❜✐❧✐t② ✐s ♥♦t ✇✐t❤♦✉t ♣r♦❜❧❡♠s ✭❇❡♥t❧❡r ✷✵✵✾✱ ●r❡❡♥ ❛♥❞
❨❛♥❣ ✷✵✵✾✱ ❘❡✈❡❧❧❡ ❛♥❞ ❩✐♥❜❛r❣ ✷✵✵✾✱ ❙✐❥ts♠❛ ✷✵✵✾❛✱ ❙✐❥ts♠❛ ✷✵✵✾❜✮✳
❊s♣❡❝✐❛❧❧② t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❧✐♥❡❛r❧② r❡❧❛t❡❞ ♠❡❛s✉r❡s ✇❤✐❝❤ ♦♥❧② ❞✐✛❡r ❜② ❛
❝♦♥st❛♥t ✭❡ss❡♥t✐❛❧ τ ✲❡q✉✐✈❛❧❡♥❝②✱ ▲♦r❞ ❛♥❞ ◆♦✈✐❝❦✱ ✶✾✻✽✮ s❡❡♠s t♦ ❜❡ r❛r❡❧②
❣✐✈❡♥ ✐♥ ♣r❛❝t✐❝❡✳ ■♥ ♠❛♥② ❝❛s❡s✱ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ❡rr♦rs ✇✐❧❧
❜❡ ✈✐♦❧❛t❡❞ r❡s✉❧t✐♥❣ ✐♥ ♦✈❡r❡st✐♠❛t✐♥❣ r❡❧✐❛❜✐❧✐t② ❜② t❤❡ ✉s❡ ♦❢ α ✭❈♦rt✐♥❛✱
✶✾✾✸❀ ●r❡❡♥ ❛♥❞ ❍❡rs❤❜❡r❣❡r✱ ✷✵✵✵❀ ●r❡❡♥ ❛♥❞ ❨❛♥❣✱ ✷✵✵✾✮✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ t❤❡
st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r ✐s ❛ s✐♥❣❧❡ ✐t❡♠✱ ♥❡✐t❤❡r α ♥♦r ♦t❤❡r ♠❡❛s✉r❡s ♦❢ ✐♥t❡r♥❛❧
❝♦♥s✐st❡♥❝② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❤❡r❡ ❛t ❛❧❧✳
❚❤❡ ♦t❤❡r ✇❡❧❧✲❦♥♦✇♥ ♠❡t❤♦❞ t♦ ❛ss❡ss t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ ✐t❡♠s ✐s t❤❡ t❡st✲
r❡t❡st ♠❡t❤♦❞✳ ❍❡r❡✱ t❤❡ s❛♠❡ ✐t❡♠ ✐s ❛♣♣❧✐❡❞ ❛t t✇♦ ♣♦✐♥ts ✐♥ t✐♠❡ ❢♦r t❤❡
s❛♠❡ ♣❡rs♦♥s✳ ❚❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♠❡❛s✉r❡♠❡♥ts ♠✐❣❤t ❜❡ ✉s❡❞
❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ r❡❧✐❛❜✐❧✐t② ✭▲♦r❞ ❛♥❞ ◆♦✈✐❝❦✱ ✶✾✻✽✮✳ ❚❤✐s ❛♣♣r♦❛❝❤
❤❛s t♦ ❛ss✉♠❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♠❡❛s✉r❡♠❡♥t ♣r♦❜❧❡♠s s✉❝❤ ❛s ♠❡♠♦r② ❡✛❡❝ts
♦r r❡s♣♦♥❞❡♥ts✬ ❢❛t✐❣✉❡✳ ❙✉❝❤ ♣r♦❜❧❡♠s s❡❡♠ t♦ ✐♥✢❛t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡✲
t✇❡❡♥ ♠❡❛s✉r❡s ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❡st✐♠❛t❡❞ r❡❧✐❛❜✐❧✐t②✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❛❥♦r
❞r❛✇❜❛❝❦ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❡ q✉❡st✐♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥ ♦❢ t✐♠❡✲✐♥✈❛r✐❛♥t
tr✉❡ ✈❛❧✉❡s ✭▲♦r❞ ❛♥❞ ◆♦✈✐❝❦✱ ✶✾✻✽✮✳ ❙♦ ✉s✐♥❣ t❤❡ t❡st✲r❡t❡st ♠❡t❤♦❞ ✇✐❧❧
✺
♣r♦❜❛❜❧② s✉✛❡r ❢r♦♠ ♠❡♠♦r② ❡✛❡❝ts ✐❢ t❤❡ t✐♠❡ ❜❡t✇❡❡♥ t✇♦ ♠❡❛s✉r❡♠❡♥ts
✐s s❤♦rt✱ ♦r ♠✐❣❤t s✉✛❡r ❢r♦♠ ❝❤❛♥❣❡s ✐♥ t❤❡ tr✉❡ s❝♦r❡s ✐❢ t❤❡ t✐♠❡ ❜❡t✇❡❡♥
t✇♦ ♠❡❛s✉r❡♠❡♥ts ✐s ❧♦♥❣✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t❡st✲r❡t❡st ♠❡t❤♦❞ ✐s r❛r❡❧② ✉s❡❞
❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ r❡❧✐❛❜✐❧✐t② ✐♥ s✉r✈❡②s✳
❚♦ ♦✈❡r❝♦♠❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ t✐♠❡✲✐♥✈❛r✐❛♥t s❝♦r❡s✱ t✇♦ ❛s♣❡❝ts ♦❢ ❛ ♠❡❛✲
s✉r❡♠❡♥t s❤♦✉❧❞ ❜❡ ❝❧❡❛r❧② ❞✐st✐♥❣✉✐s❤❡❞✿ ❚❤❡ sq✉❛r❡❞ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥
♦❜s❡r✈❡❞ ❛♥❞ tr✉❡ s❝♦r❡s ✭r❡❧✐❛❜✐❧✐t②✮ ❛♥❞ t❤❡ t❡♠♣♦r❛❧ st❛❜✐❧✐t② ♦❢ ❛ tr✉❡
s❝♦r❡✱ ♠❡❛s✉r❡❞ ❜② t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ tr✉❡ s❝♦r❡s ❛t t✇♦ ❛❞❥❛❝❡♥t ♣♦✐♥ts
✐♥ t✐♠❡✳ ■♥ s✉r✈❡② s❡tt✐♥❣s✱ t❤❡ ♠♦st ❝♦♠♠♦♥ ♣r♦❜❧❡♠ ❝♦♥❝❡r♥s t❤❡ ♠❡❛✲
s✉r❡♠❡♥t ♦❢ ❛ s✐♥❣❧❡ ✈❛r✐❛❜❧❡ ❛t s❡✈❡r❛❧ t✐♠❡♣♦✐♥ts ✇❤❡r❡ t❤❡ ❛ss✉♠♣t✐♦♥
♦❢ t✐♠❡✲✐♥✈❛r✐❛♥t tr✉❡ s❝♦r❡s s❡❡♠s ✉♥❧✐❦❡❧②✳ ❋♦r t❤❡ s❡♣❛r❛t❡ ❡st✐♠❛t✐♦♥ ♦❢
st❛❜✐❧✐t② ❛♥❞ r❡❧✐❛❜✐❧✐t② ✐♥ t❤❡s❡ ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠s✱ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❤❛✈❡
❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ st❛t✐st✐❝❛❧ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ♠♦st ✇✐❞❡❧② ❞✐s❝✉ss❡❞ ✭❆❧✲
✇✐♥✱ ✷✵✵✼❀ ❈♦❡♥❞❡rs ❡t ❛❧✳✱ ✶✾✾✾❀ ❙❛r✐s ❛♥❞ ●❛❧❧❤♦❢❡r✱ ✷✵✵✼✮ ❛♣♣r♦❛❝❤ ✐s t❤❡
❢❛♠✐❧② ♦❢ q✉❛s✐✲▼❛r❦♦✈ s✐♠♣❧❡① ♠♦❞❡❧s✳ ●✐✈❡♥ ❛t ❧❡❛st t❤r❡❡ ✇❛✈❡s ♦❢ ❞❛t❛✱
t❤❡s❡ ♠♦❞❡❧s ❛❧❧♦✇ ❢♦r ❞②♥❛♠✐❝ tr✉❡ ✈❛❧✉❡s ❜② ❞❡❝♦♠♣♦s✐♥❣ ❝❤❛♥❣❡ ✐♥ tr✉❡
❝❤❛♥❣❡ ❛♥❞ ✢✉❝t✉❛t✐♦♥s ❞✉❡ t♦ ♠❡❛s✉r❡♠❡♥t ❡rr♦r✳
❚❤❡ ❢❛♠✐❧② ♦❢ q✉❛s✐✲▼❛r❦♦✈ s✐♠♣❧❡① ♠♦❞❡❧s ❝❛♥ ❜❡ ♠♦st ❡❛s✐❧② ❡①♣❧❛✐♥❡❞
❜② ❛ ♣❛t❤ ♠♦❞❡❧ ✭s❡❡ ❋✐❣ ✶✮✳ ◗✉❛s✐✲▼❛r❦♦✈ s✐♠♣❧❡① ♠♦❞❡❧s ❝♦♥s✐st ♦❢ t✇♦
♣❛rts✿ ❛ ♠❡❛s✉r❡♠❡♥t ♠♦❞❡❧✱ ✇❤✐❝❤ r❡❧❛t❡s t❤❡ ♠❛♥✐❢❡st ♠❡❛s✉r❡s t♦ t❤❡
❧❛t❡♥t ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❛ str✉❝t✉r❛❧ ♠♦❞❡❧✱ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ r❡❧❛t✐♦♥ ♦❢ t❤❡
❧❛t❡♥t ✈❛r✐❛❜❧❡s✳ ■♥t❡r❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❧❛t❡♥t ✈❛r✐❛❜❧❡s ✐s
♠♦❞❡❧❧❡❞ ❜② ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ■♥ t❤✐s ❝❧❛ss ♦❢ ♠♦❞❡❧s✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
❛ ❧❛t❡♥t ✈❛r✐❛❜❧❡ ❛t t✐♠❡ t ❞❡♣❡♥❞s ♦♥❧② ♦♥ ✐ts ❞✐str✐❜✉t✐♦♥ ❛t t✐♠❡ t − 1✳
❊❛r❧✐❡r t✐♠❡♣♦✐♥ts ❤❛✈❡ ♦♥❧② ✐♥❞✐r❡❝t ❡✛❡❝ts ♦♥ t ✭❆❧✇✐♥✱ ✷✵✵✼✮✳
■♥ ♠❛tr✐① ♥♦t❛t✐♦♥✱ t❤❡ r❡❞✉❝❡❞ ❢♦r♠ ♦❢ t❤❡ q✉❛s✐✲▼❛r❦♦✈ s✐♠♣❧❡① ♠♦❞❡❧ ✐s
❣✐✈❡♥ ❜②
x = Λxξ + ε ✭✶✮
= Λx(I − B)
−1ζ + ε ✭✷✮
❛♥❞
Σxx = Λx(I − B)
−1Ψ(I − B′)−1Λ′x +Θ
2 ✭✸✮
✇❤❡r❡ x ❞❡✜♥❡s t❤❡ ✭P × 1✮ ✈❡❝t♦r ♦❢ ♦❜s❡r✈❡❞ s❝♦r❡s✱ (I −B) r❡♣r❡s❡♥ts t❤❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✭P × P ✮ ✐❞❡♥t✐t② ♠❛tr✐① I ❛♥❞ t❤❡ ✭P × P ✮ ♠❛tr✐①
B ♦❢ r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥ts ❧✐♥❦✐♥❣ t❤❡ ❛❞❥❛❝❡♥t t✐♠❡♣♦✐♥ts t ❛♥❞ t − 1✳ ■♥
t❤✐s ♥♦t❛t✐♦♥✱ ζ r❡♣r❡s❡♥ts t❤❡ ✭P × 1✮ ✈❡❝t♦r ♦❢ tr✉❡ s❝♦r❡ ❞✐st✉r❜❛♥❝❡s✱ ξ ✐s
t❤❡ ✭P × 1✮ ✈❡❝t♦r ♦❢ tr✉❡ ✈❛❧✉❡s ❛♥❞ ε ✐s t❤❡ ✭P × 1✮ ✈❡❝t♦r ♦❢ ♠❡❛s✉r❡♠❡♥t
❡rr♦rs✳ Ψ ✐s ❞❡✜♥❡❞ ❛s ✭P × P ✮ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢ tr✉❡
s❝♦r❡ ❞✐st✉r❜❛♥❝❡s t❤❛t ❝♦♥t❛✐♥s t❤❡ ✈❛r✐❛♥❝❡s ✐♥ t❤❡ ♠❛✐♥ ❞✐❛❣♦♥❛❧✳ Θ2
✻
ε1 ε2 ε3
x1 x2 x
ξ1 ξ2
ζ2 ζ3
ξ3
3
1 11
β21 β32
ε4
x
ζ4
ξ4
4
1
β43
❋✐❣✉r❡ ✶✿ P❛t❤ ❞✐❛❣r❛♠ ♦❢ ❛ ❢♦✉r✲✇❛✈❡ q✉❛s✐✲▼❛r❦♦✈ s✐♠♣❧❡① ♠♦❞❡❧
r❡♣r❡s❡♥ts t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢ ♠❡❛s✉r❡♠❡♥t ❡rr♦rs✳
Λx ✐s ✜①❡❞ t♦ ❛♥ ✐❞❡♥t✐t② ♠❛tr✐① ✭❆❧✇✐♥✱ ✷✵✵✼✮✳
❚❤❡ ♠♦❞❡❧s ♦❢ ❍❡✐s❡ ✭✶✾✻✾✮ ❛♥❞ ❲✐❧❡② ❛♥❞ ❲✐❧❡② ✭✶✾✼✵✮ ❛r❡ t❤❡ ❜❡st✲❦♥♦✇♥
s✐♠♣❧❡① ♠♦❞❡❧s✳ ❚❤❡ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧s ✐s t❤❡ ✉s❡ ♦❢
❛ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ✐♥ t❤❡ ❍❡✐s❡ ♠♦❞❡❧✱ ✇❤❡r❡❛s t❤❡ ♠♦❞❡❧ ♦❢ ❲✐❧❡② ❛♥❞
❲✐❧❡② ✉s❡s ❛ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❍❡✐s❡✲♠♦❞❡❧ ❛ss✉♠❡s
❝♦♥st❛♥t r❡❧✐❛❜✐❧✐t✐❡s ♦✈❡r ❞✐✛❡r❡♥t ♣♦✐♥ts ✐♥ t✐♠❡✱ ✇❤❡r❡❛s t❤❡ r❡❧✐❛❜✐❧✐t✐❡s
❝❛♥ ✈❛r② ✐♥ t❤❡ ❲✐❧❡② ❛♥❞ ❲✐❧❡② ♠♦❞❡❧✳ ■♥ t✉r♥✱ t❤❡ r❡s✐❞✉❛❧ ✈❛r✐❛♥❝❡s ❛r❡
❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥st❛♥t ♦✈❡r t✐♠❡ ✐♥ t❤❡ ❲✐❧❡② ♠♦❞❡❧ ✭❆❧✇✐♥ ❛♥❞ ❑r♦s♥✐❝❦✱
✶✾✾✶✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ❜② ❲✐❧❡② ❛♥❞ ❲✐❧❡② ✐s ✉s❡❞✳
❊✈❡♥ ✐❢ t❤❡ ❞✐✛❡r❡♥❝❡s t❡♥❞ t♦ ❜❡ ♦♥❧② ♠✐♥♦r ✐♥ ❣❡♥❡r❛❧ ✭❆❧✇✐♥✱ ✷✵✵✼✮✱ ♥♦t
❛ss✉♠✐♥❣ ❝♦♥st❛♥t r❡❧✐❛❜✐❧✐t✐❡s s❡❡♠s t♦ ❜❡ ♠♦r❡ ♣❧❛✉s✐❜❧❡✳
❙✐♥❝❡ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❢♦r ❜♦t❤ ♠♦❞❡❧s ❛♥❞ P ✇❛✈❡s ❛r❡ ❣✐✈❡♥ ❜②
df =
1
2
(P (P + 1))− 2P, ✭✹✮
t❤❡s❡ ♠♦❞❡❧s ♣♦ss❡ss t✇♦ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐♥ ❛ ♣❛♥❡❧ ✇✐t❤ ❢♦✉r ✇❛✈❡s✳ ❚❤❡
♠♦❞❡❧s ❛r❡ t❤❡r❡❢♦r❡ ♦✈❡r✲✐❞❡♥t✐✜❡❞ ✭❇♦❧❧❡♥✱ ✶✾✽✾✮✳ ❍❡♥❝❡✱ t❤❡✐r ❣♦♦❞♥❡ss
♦❢ ✜t ❝❛♥ ❜❡ t❡st❡❞ ✇✐t❤ ✜t✲✐♥❞✐❝❡s ❢♦r str✉❝t✉r❛❧ ❡q✉❛t✐♦♥ ♠♦❞❡❧s s✉❝❤ ❛s
✼
❘▼❙❊❆ ✭❆❧✇✐♥✱ ✷✵✵✼❀ ❘❛②❦♦✈ ❛♥❞ ▼❛r❝♦✉❧✐❞❡s✱ ✷✵✵✻✮✳✶
❙✐♥❝❡ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ♠❛❦❡s ♥♦ s❡♥s❡ ❢♦r
❝❛t❡❣♦r✐❝❛❧ ❞❛t❛ ✭▲♦❡❤❧✐♥✱ ✷✵✵✹✮✱ ✇❡ ❢♦❧❧♦✇ t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♦❢ ❏❛❣♦❞③✐♥✲
s❦✐ ❛♥❞ ❑ü❤♥❡❧ ✭✶✾✽✼✮ r❡❣❛r❞✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ str✉❝t✉r❛❧ ❡q✉❛t✐♦♥ ♠♦❞✲
❡❧s ❢♦r ❝❛t❡❣♦r✐❝❛❧ ✐t❡♠s ❛♥❞ ❞♦ ♥♦t ✉s❡ t❤❡ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ♠❡t❤♦❞✳
❋♦r ❡st✐♠❛t✐♦♥✱ ♣♦❧②❝❤♦r✐❝ ❝♦✈❛r✐❛♥❝❡s ✇✐t❤ t✐♠❡✲✐♥✈❛r✐❛♥t t❤r❡s❤♦❧❞s ❛♥❞ ❛
✈❛r✐❛♥t ♦❢ t❤❡ ❲❡✐❣❤t❡❞ ▲❡❛st ❙q✉❛r❡s✲❡st✐♠❛t♦r ✭❲▲❙✱ ❇r♦✇♥❡✱ ✶✾✽✹✮ ✇❡r❡
✉s❡❞✳ ❚❤✐s ✈❛r✐❛♥t ✐s ❦♥♦✇♥ ❛s ❉✐❛❣♦♥❛❧❧② ❲❡✐❣❤t❡❞ ▲❡❛st ❙q✉❛r❡s ✭❉❲▲❙✮
❛♥❞ ❞♦❡s ♥♦t r❡q✉✐r❡ s❛♠♣❧❡ s✐③❡s ❛s ❧❛r❣❡ ❛s ❞♦❡s t❤❡ ❲▲❙ ❛♣♣r♦❛❝❤ ✭❑❛♣❧❛♥✱
✷✵✵✵✮✳
❖✈❡r❛❧❧✱ ❡✐❣❤t ♣❛r❛♠❡t❡rs ♥❡❡❞ t♦ ❜❡ ❡st✐♠❛t❡❞ ✐♥ t❤❡ ❢♦✉r✲✇❛✈❡ ❲✐❧❡② ❛♥❞
❲✐❧❡②✲♠♦❞❡❧✿ ❚❤❡ ✈❛r✐❛♥❝❡ ❱❛r(ξ1) ♦❢ t❤❡ tr✉❡ s❝♦r❡s ❛t t❤❡ ✜rst ✇❛✈❡✱ ❢♦r
✇❤✐❝❤ ξ1 = ζ1 ❛♣♣❧✐❡s✱ t❤r❡❡ ❧❛❣✲✶ r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥ts β21✱ β32 ❛♥❞ β43
✇❤✐❝❤ ❝♦♥♥❡❝t t❤❡ tr✉❡ s❝♦r❡s ♦✈❡r t✐♠❡✱ t❤r❡❡ tr✉❡ s❝♦r❡ r❡s✐❞✉❛❧ ✈❛r✐❛♥❝❡s
❱❛r(ζ2)✱ ❱❛r(ζ3) ❛♥❞ ❱❛r(ζ4) ❛t t❤❡ ❧❛st t❤r❡❡ ✇❛✈❡s✱ ❛♥❞ t❤❡ ❡rr♦r ✈❛r✐❛♥❝❡
♦❢ t❤❡ ♠❡❛s✉r✐♥❣ ✐♥str✉♠❡♥t ❱❛r(ε)✱ ✇❤✐❝❤ ✐s ❝♦♥str❛✐♥❡❞ t♦ ❜❡ ❡q✉❛❧ ♦✈❡r
t✐♠❡ ✭❆❧✇✐♥✱ ✷✵✵✼✮✳
●✐✈❡♥ t❤✐s ♠♦❞❡❧ r❡❧✐❛❜✐❧✐t② ρ2t ❝❛♥ t❤❡♥ ❜❡ ❡st✐♠❛t❡❞ ✇✐t❤
ρ21 =
❱❛r(ζ1)
❱❛r(ζ1) + ❱❛r(ε)
ρ22 =
β221❱❛r(ζ1) + ❱❛r(ζ2)
β221❱❛r(ζ1) + ❱❛r(ζ2) + ❱❛r(ε)
ρ23 =
β232(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)
β232(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3) + ❱❛r(ε)
ρ24 =
β243(β
2
32(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)) + ❱❛r(ζ4)
β243(β
2
32(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)) + ❱❛r(ζ4) + ❱❛r(ε)
.
✭✺✮
❆❝❝♦r❞✐♥❣❧②✱ st❛❜✐❧✐t② γt+1,t ✐s ❡st✐♠❛t❡❞ ✇✐t❤
γ21 = β21
√
❱❛r(ζ1)√
β221❱❛r(ζ1) + ❱❛r(ζ2)
γ32 = β32
√
β221❱❛r(ζ1) + ❱❛r(ζ2)√
β232(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)
γ43 = β43
√
β232(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)√
β243(β
2
32(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)) + ❱❛r(ζ4)
.
✭✻✮
✶❋♦r ❛ ♣❛♥❡❧ ✇✐t❤ t❤r❡❡ ✇❛✈❡s✱ ❜♦t❤ ♠♦❞❡❧s ❛r❡ s❛t✉r❛t❡❞ ✇✐t❤ df = 0 ❛♥❞ χ2 = 0✳
❚❤❡r❡❢♦r❡✱ ❛ ♣❛♥❡❧ ✇✐t❤ ❛t ❧❡❛st ✹ ✇❛✈❡s ✐s ♥❡❡❞❡❞ t♦ t❡st t❤❡ ❣♦♦❞♥❡ss ♦❢ ✜t ❢♦r t❤❡
❡st✐♠❛t❡❞ ♠♦❞❡❧✳
✽
❙✐♥❝❡ t❤❡ ♣❛♣❡r ♦❢ ❲✐❧❡② ❛♥❞ ❲✐❧❡② ✭✶✾✼✵✮ ♦♥❧② ❝♦✈❡rs t❤❡ ❝❛s❡ ♦❢ ❛ t❤r❡❡
✇❛✈❡ ♣❛♥❡❧✱ ✇❡ ❛❞❞❡❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ β43 ❛♥❞ γ43 ✐♥ ❛♣♣❡♥❞✐① ❈✳
✹ ❉❛t❛
❆s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ ❢♦r ❛♥ ✐❞❡♥t✐✜❡❞ ❲✐❧❡② ♠♦❞❡❧ ❛ ♣❛♥❡❧ st✉❞② ✇✐t❤ ❛t ❧❡❛st
❢♦✉r ✇❛✈❡s ✐s ♥❡❡❞❡❞✳ ❙✐♥❝❡ ✐♥❢❡r❡♥❝❡ t♦ ❣❡♥❡r❛❧ ♣♦♣✉❧❛t✐♦♥s ✇❛s ✐♥t❡♥❞❡❞✱
s✉r✈❡②s ♦❢ s✉❜❣r♦✉♣s s✉❝❤ ❛s st✉❞❡♥ts✱ ❝❤✐❧❞r❡♥ ♦r ♦✛❡♥❞❡rs ❛r❡ ♥♦t s✉✐t❡❞✳
❚❤❡ s❛♠❡ ❧♦❣✐❝ ❡①❝❧✉❞❡❞ ♣❛♥❡❧s ❝♦♥✜♥❡❞ t♦ ❞❡♣r✐✈❡❞ ❣❡♦❣r❛♣❤✐❝❛❧ r❡❣✐♦♥s✳
❚❤❡s❡ r❡q✉✐r❡♠❡♥ts ❧✐♠✐t❡❞ str♦♥❣❧② t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ st✉❞✐❡s✳ ❉❡s♣✐t❡
❛♥ ✐♥t❡♥s✐✈❡ s❡❛r❝❤ ✐♥ ❛❝❛❞❡♠✐❝ ❞❛t❛ r❡♣♦s✐t♦r✐❡s ❛♥❞ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡ ✇❡r❡
♥♦t ❛❜❧❡ t♦ ❧♦❝❛t❡ ❛ s✐♥❣❧❡ st✉❞② ✉♥t✐❧ t❤❡ ❝♦♠❜✐♥❡❞ ❞❛t❛ ♦❢ ❇❍P❙ ✭❯♥✐✈❡rs✐t②
♦❢ ❊ss❡①✱ ✷✵✵✾✮ ❛♥❞ ❯❑❍▲❙ ✭❯♥✐✈❡rs✐t② ♦❢ ❊ss❡①✱ ✷✵✶✸✮ ❜❡❝❛♠❡ ❛✈❛✐❧❛❜❧❡
❢♦r s❝✐❡♥t✐✜❝ ✉s❡ ✐♥ ✷✵✶✹ ✭❞❡s❝r✐❜❡❞ ❜❡❧♦✇✮✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱
❇❍P❙✴❯❑❍▲❙ ✐s ❝✉rr❡♥t❧② t❤❡ ♦♥❧② ❣❡♥❡r❛❧ ♣♦♣✉❧❛t✐♦♥ ❞❛t❛ s❡t ✇✐t❤ t❤✐s
✐♥❞✐❝❛t♦r ❛♥❞ ♠♦r❡ t❤❛♥ t❤r❡❡ ✇❛✈❡s✳
❚❤❡ ❞❛t❛ s❡t ✉s❡❞ ❤❡r❡ ❤❛s t✇♦ t✇♦ s♦✉r❝❡s✿ ❚❤❡ ❇r✐t✐s❤ ❍♦✉s❡❤♦❧❞ P❛♥❡❧
❙✉r✈❡② ✭❇❍P❙✮ ❛♥❞ t❤❡ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ ❍♦✉s❡❤♦❧❞ ▲♦♥❣✐t✉❞✐♥❛❧ ❙✉r✈❡②
✭❯❑❍▲❙✮✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ✐ts r❡s♣♦♥❞❡♥ts ❛s ❯♥❞❡rst❛♥❞✐♥❣ ❙♦❝✐❡t②✳ ❚❤❡
❯❑❍▲❙ ✏❜♦t❤ r❡♣❧❛❝❡s ❛♥❞ ✐♥❝♦r♣♦r❛t❡s✑ t❤❡ ❇❍P❙ ✭❇♦r❡❤❛♠ ❡t ❛❧✳✱ ✷✵✶✷✱
✶✮✳ ❆s ♦❢ ✇❛✈❡ ✷✱ t❤❡ ❯❑❍▲❙ ✏❝♦♥s✐sts ♦❢ ❛❧❧ ♠❡♠❜❡rs ❢r♦♠ t❤❡ ❇❍P❙
s❛♠♣❧❡ ✇❤♦ ✇❡r❡ st✐❧❧ ❛❝t✐✈❡ ❛t ❲❛✈❡ ✶✽ ✐♥ t❤❡ ❇❍P❙ ❛♥❞ ✇❤♦ ❤❛❞ ♥♦t
r❡❢✉s❡❞ ❝♦♥s❡♥t t♦ ❜❡ ✐ss✉❡❞ ❛s ♣❛rt ♦❢ t❤❡ ❯♥❞❡rst❛♥❞✐♥❣ ❙♦❝✐❡t② s❛♠♣❧❡✑
✭▼❝❋❛❧❧✱ ✷✵✶✸✱ ✸✶✮✳
❚❤❡ ❇❍P❙ st❛rt❡❞ ❛s ❛♥ ❛♥♥✉❛❧ s✉r✈❡② ✐♥ ✶✾✾✶✱ ✐♥t❡r✈✐❡✇✐♥❣ ❡❛❝❤ ❛❞✉❧t ♠❡♠✲
❜❡r ♦❢ ❛ ❤♦✉s❡❤♦❧❞ ✭❝❤✐❧❞r❡♥ ❛r❡ tr❡❛t❡❞ ❛s ❛❞✉❧ts ❛♥❞ ✐♥t❡r✈✐❡✇❡❞ ♦♥❝❡ t❤❡②
t✉r♥ ✶✻ ②❡❛rs ♦❧❞✮✱ r❡s✉❧t✐♥❣ ✐♥ ❛ s❛♠♣❧❡ ♦❢ ♠♦r❡ t❤❛♥ ✺✳✵✵✵ ❤♦✉s❡❤♦❧❞s ❛♥❞
❛♣♣r♦①✐♠❛t❡❧② ✶✵✳✵✵✵ ✐♥❞✐✈✐❞✉❛❧s ✐♥ ●r❡❛t ❇r✐t❛✐♥ s♦✉t❤ ♦❢ t❤❡ ❈❛❧❡❞♦♥✐❛♥
❝❛♥❛❧ ❛♥❞ ❡①❝❧✉❞✐♥❣ ◆♦rt❤❡r♥ ■r❡❧❛♥❞✳ ■♥✐t✐❛❧ s❡❧❡❝t✐♦♥ ♦❢ ❤♦✉s❡❤♦❧❞s ❢♦r t❤❡
✜rst ❇❍P❙✲♣❛♥❡❧ ✇❛✈❡ ✉s❡❞ ❛ t✇♦✲st❛❣❡ str❛t✐✜❡❞ s②st❡♠❛t✐❝ ❞❡s✐❣♥✳ ❚❤❡
♠♦❞❡ ♦❢ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ❝❤❛♥❣❡❞ ❢r♦♠ ♣❛♣❡r✲❛♥❞✲♣❡♥❝✐❧ ✭P❆P■✮ t♦ ❝♦♠♣✉t❡r✲
❛ss✐st❡❞ ♣❡rs♦♥❛❧ ✐♥t❡r✈✐❡✇ ✭❈❆P■✮ ❛s ♦❢ ✇❛✈❡ ✾ ✭❚❛②❧♦r ❡t ❛❧✳✱ ✷✵✵✾✮✳
❋r♦♠ t❤❡ ❇❍P❙✱ ❛❧❧ ✇❛✈❡s ❛r❡ ✉s❡❞✱ ✇❤❡r❡ t❤❡ ❝❧❛ss✐❝❛❧ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦r
✏❤♦✇ s❛❢❡ ❞♦ ②♦✉ ❢❡❡❧ ✇❛❧❦✐♥❣ ❛❧♦♥❡ ✐♥ t❤✐s ❛r❡❛ ❛❢t❡r ❞❛r❦❄ ✑ ✇❛s ❛s❦❡❞✳ ❚❤❡s❡
❛r❡ ✇❛✈❡s ✼✱ ✶✷ ❛♥❞ ✶✼✳ ❚❤❡ ✜❡❧❞✇♦r❦ ❢♦r t❤❡s❡ ✇❛✈❡s ✇❛s ❞♦♥❡ ❜❡t✇❡❡♥
❆✉❣✉st ✶✾✾✼ ❛♥❞ ▼❛② ✶✾✾✽ ❢♦r ✇❛✈❡ ✼✱ ❢r♦♠ ❙❡♣t❡♠❜❡r ✷✵✵✷ t♦ ❆♣r✐❧ ✷✵✵✸
❢♦r ✇❛✈❡ ✶✷ ❛♥❞ ❢r♦♠ ❙❡♣t❡♠❜❡r ✷✵✵✼ t♦ ❆♣r✐❧ ✷✵✵✽ ❢♦r ✇❛✈❡ ✶✼ ✭❚❛②❧♦r ❡t ❛❧✳✱
✷✵✵✾✮✳ ■♥ t❤❡ ❯❑❍▲❙✱ t❤❡ ❝❧❛ss✐❝❛❧ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦r ✇❛s ✉s❡❞ ✐♥ ✇❛✈❡
✸✳ ❚❤❡ ❯❑❍▲❙✲✜❡❧❞✇♦r❦ ❢♦r ✇❛✈❡ ✸ t♦♦❦ ♣❧❛❝❡ ❜❡t✇❡❡♥ ❏❛♥✉❛r② ✷✵✶✶ ❛♥❞
❉❡❝❡♠❜❡r ✷✵✶✷✱ ❜✉t ❛❧♠♦st ✾✺✪ ♦❢ ❇❍P❙✲r❡s♣♦♥❞❡♥ts ✇❡r❡ ✐♥t❡r✈✐❡✇❡❞ ✐♥
✾
✷✵✶✶✳ ❚❤❡ ♠♦❞❡ ♦❢ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ❢♦r t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❛❞✉❧t q✉❡st✐♦♥♥❛✐r❡s
✇❛s ❈❆P■✱ ❥✉st ❛s ✐♥ t❤❡ ❇❍P❙ ✭❙❝♦tt ❛♥❞ ❏❡ss♦♣✱ ✷✵✶✸✮✳
❖✈❡r❛❧❧ ✷✽✺✶ r❡s♣♦♥❞❡♥ts ❛♥s✇❡r❡❞ t❤❡ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦r ✐♥ ❛❧❧ ❢♦✉r
✇❛✈❡s✳ ❲❡✐❣❤t✐♥❣ t❤❡ ❞❛t❛ ✇♦✉❧❞ ❧❡❛❞ t♦ t❤❡ ❡①❝❧✉s✐♦♥ ♦❢ ✼✻✼ ♦❜s❡r✈❛t✐♦♥s✱
s✐♥❝❡ r❡s♣♦♥❞❡♥ts ✇❤♦ ❞✐❞ ♥♦t r❡s♣♦♥❞ ❛t ❡❛❝❤ ✇❛✈❡ ✉♣ t♦ ❛♥❞ ✐♥❝❧✉❞✐♥❣
t❤❡ ❧❛t❡st ✇❛✈❡ ✭❚❛②❧♦r ❡t ❛❧✳✱ ✷✵✵✾✮ r❡❝❡✐✈❡❞ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ ✇❡✐❣❤t ♦❢ ③❡r♦✳
❚❤❡r❡❢♦r❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t ❛ r❡s♣♦♥❞❡♥t ❤❛s ❛♥s✇❡r❡❞ t❤❡ ❢❡❛r ♦❢ ❝r✐♠❡
✐♥❞✐❝❛t♦r ❡❛❝❤ t✐♠❡ ✐t ✇❛s ♣❛rt ♦❢ t❤❡ q✉❡st✐♦♥♥❛✐r❡✱ ❜✉t ❞r♦♣s ♦✉t ♦❢ t❤❡
❛♥❛❧②s✐s ❞✉❡ t♦ ❛ ③❡r♦ ✇❡✐❣❤t ❜❡❝❛✉s❡ ❤❡ ♦r s❤❡ ❞✐❞ ♥♦t ♣❛rt✐❝✐♣❛t❡ ✐♥ s♦♠❡
♦t❤❡r ✇❛✈❡ ✇❡r❡ t❤❡ ✐♥❞✐❝❛t♦r ✇❛s ♥♦t ❛s❦❡❞✳ ❋♦r t❤❡ ❛♥❛❧②s✐s ✐♥t❡♥❞❡❞ ❤❡r❡✱
t❤✐s s❡❡♠s t♦ ❜❡ ❛ s✉❜♦♣t✐♠❛❧ ✉s❡ ♦❢ t❤❡ ❛✈❛✐❧❛❜❧❡ ❞❛t❛✱ s✐♥❝❡ ❛❜♦✉t ✷✼✪ ♦❢
t❤❡ r❡s♣♦♥❞❡♥ts ✇❤♦ ❛♥s✇❡r❡❞ t❤❡ ❢❡❛r ♦❢ ❝r✐♠❡✲✐♥❞✐❝❛t♦r ✐♥ ❛❧❧ ❢♦✉r ✇❛✈❡s
✇♦✉❧❞ ❜❡ ❡①❝❧✉❞❡❞✳ ❇❡❝❛✉s❡ ♦❢ t❤❛t✱ t❤❡ ❛♥❛❧②s✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ ✉♥✇❡✐❣❤t❡❞
❞❛t❛ s❡t✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✼✻✼ r❡s♣♦♥❞❡♥ts ✇✐t❤ ③❡r♦ ✇❡✐❣❤ts✳✷
✺ ❊①♣❧♦r❛t✐♦♥ ♦❢ ❣❡♥❞❡r ❞✐✛❡r❡♥❝❡s ✐♥ r❡s♣♦♥s❡
❜❡❤❛✈✐♦✉r t♦ t❤❡ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦r
❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✱ ❜❛s❡❞ ♦♥ t❤❡ ❝r✐♠✐♥♦❧♦❣✐❝❛❧ ❧✐t❡r❛t✉r❡✱ ✐t ✐s ❛♥✲
t✐❝✐♣❛t❡❞ t❤❛t t❤❡ r❡s♣♦♥s❡ ♣❛tt❡r♥s ♦❢ ♠❡♥ ❛♥❞ ✇♦♠❡♥ ❞✐✛❡r✳ ❚♦ ❡①♣❧♦r❡
t❤✐s✱ ♣❛r❛❧❧❡❧ ❝♦♦r❞✐♥❛t❡ ♣❧♦ts ♦❢ t❤❡ r❡s♣♦♥s❡ ♣r♦✜❧❡s ❛r❡ ✉s❡❞ ❤❡r❡ ✭■♥s❡❧✲
❜❡r❣✱ ✷✵✵✾✮✳ ❚♦ ❛✈♦✐❞ ♣r♦❜❧❡♠s ❜② ♦✈❡r♣❧♦tt✐♥❣ ❞✉❡ t♦ t❤❡ ❝❛t❡❣♦r✐❝❛❧ ♥❛t✉r❡
♦❢ t❤❡ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦rs✱ ❥✐tt❡r✐♥❣ ❛♥❞ α✲❜❧❡♥❞✐♥❣ ✭❈❧❡✈❡❧❛♥❞✱ ✶✾✾✸❀
❚❤❡✉s✱ ✷✵✵✽✮ ✇❛s ❛♣♣❧✐❡❞✳ ❋♦r ♣❧♦tt✐♥❣✱ ❘ ✭❘ ❈♦r❡ ❚❡❛♠✱ ✷✵✶✹✮ ✇✐t❤ ▲❛tt✐❝❡
✭❙❛r❦❛r✱ ✷✵✶✹✮ ✇❡r❡ ✉s❡❞✳
❙✐♥❝❡ ❞✐✛❡r❡♥t r❡s♣♦♥s❡ ♣r♦✜❧❡s ❢♦r ♠❛❧❡ ❛♥❞ ❢❡♠❛❧❡ r❡s♣♦♥❞❡♥ts ✇❡r❡ ❡①✲
♣❡❝t❡❞✱ s❡♣❛r❛t❡ ♣r♦✜❧❡s ✇❡r❡ ♣❧♦tt❡❞✳ ❋✐❣✳ ✷ s❤♦✇s t❤❡ r❡s✉❧t✐♥❣ ♣❛r❛❧❧❡❧
❝♦♦r❞✐♥❛t❡ ♣❧♦ts ❢♦r ♠❛❧❡ ❛♥❞ ❢❡♠❛❧❡ r❡s♣♦♥❞❡♥ts ♦❢ t❤❡ ❇❍P❙✴❯❑❍▲❙ ❞❛t❛✳
❚❤❡ t❡♥❞❡♥❝② ♦❢ ♠❛❧❡ r❡s♣♦♥❞❡♥ts t♦ ❛ss✐❣♥ t❤❡♠s❡❧✈❡s t♦ ❝❛t❡❣♦r✐❡s ❧❛❜❡❧❧❡❞
❛s ✏s❛❢❡✑ ✐s ♦❜✈✐♦✉s✳ ❋❡✇ ❢❡♠❛❧❡ r❡s♣♦♥❞❡♥ts ❝❤♦♦s❡ t❤❡ ❝❛t❡❣♦r② ✏✈❡r② s❛❢❡✑✳
❆❜♦✉t ✽✶✪ ♦❢ ♠❛❧❡ r❡s♣♦♥❞❡♥ts ❛s ♦♣♣♦s❡❞ t♦ ✹✼✪ ♦❢ ❢❡♠❛❧❡ r❡s♣♦♥❞❡♥ts ❢❡❡❧
✏✭✈❡r②✮ s❛❢❡✑ ❛t ❛❧❧ ❢♦✉r ♣♦✐♥ts ✐♥ t✐♠❡✳ ❋❡♠❛❧❡ r❡s♣♦♥❞❡♥ts s❤♦✇ ❣r❡❛t ✈❛r✐✲
❛❜✐❧✐t② ✐♥ t❤❡✐r r❡s♣♦♥s❡s✱ ✇❤❡r❡❛s ♠❛❧❡ r❡s♣♦♥❞❡♥ts ❛r❡ ❛❧♠♦st ❡①❝❧✉s✐✈❡❧②
❝♦♥✜♥❡❞ t♦ tr❛♥s✐t✐♦♥✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❝❛t❡❣♦r✐❡s ✏s❛❢❡✑ ❛♥❞ ✏✈❡r② s❛❢❡✑✳
❉✉❡ t♦ t❤✐s ♣r❡❧✐♠✐♥❛r② ❛♥❛❧②s✐s✱ t❤❡ ❲✐❧❡② ❛♥❞ ❲✐❧❡②✲♠♦❞❡❧ ✐s ❡st✐♠❛t❡❞
s❡♣❛r❛t❡❧② ❢♦r ♠❛❧❡ ❛♥❞ ❢❡♠❛❧❡ r❡s♣♦♥❞❡♥ts✳
✷❈♦♠♣❛r✐s♦♥s ♦❢ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❜❛s❡❞ ♦♥ ✇❡✐❣❤t❡❞ ❛♥❞ ✉♥✇❡✐❣❤t❡❞ ❞❛t❛ s❡ts ✉s✐♥❣
❇♦① ▼✲t❡sts ②✐❡❧❞ ✐♥s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s✳ ❋✉rt❤❡r♠♦r❡✱ r❡s✉❧ts ❢♦r ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛s
✇❡❧❧ ❛s r❡❧✐❛❜✐❧✐t② ❛♥❞ st❛❜✐❧✐t② ❝♦❡✣❝✐❡♥ts ❛r❡ ♥❡❛r❧② t❤❡ s❛♠❡ ❢♦r ✇❡✐❣❤t❡❞ ❛♥❞ ✉♥✇❡✐❣❤t❡❞
✶✵
Male
Wave 1 Wave 2 Wave 3 Wave 4
very
unsafe
a bit
unsafe
fairly
safe
very
safe
Wave 1 Wave 2 Wave 3 Wave 4
very
a bit
fairly
safe
very
safe
Female
❋✐❣✉r❡ ✷✿ ❘❡s♣♦♥s❡ ♣r♦✜❧❡s ♦♥ t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r ❢♦r ✶✺✵✺ ♠❛❧❡ ❛♥❞ ✶✸✹✻
❢❡♠❛❧❡ r❡s♣♦♥❞❡♥ts ✐♥ t❤❡ ❇❍P✴❯❑❍▲❙ ♣❛♥❡❧
✻ ❊st✐♠❛t✐♦♥ r❡s✉❧ts
▲✐sr❡❧ ✾✳✷ ✭❙❝✐❡♥t✐✜❝ ❙♦❢t✇❛r❡ ■♥t❡r♥❛t✐♦♥❛❧✱ ✷✵✶✺✮ ✇❛s ✉s❡❞ ❢♦r t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥✳ ❚❛❜❧❡ ✶ s❤♦✇s t❤❡ ❡st✐♠❛t❡s ❢♦r t❤❡ ❡✐❣❤t ♣❛r❛♠❡t❡rs ❢♦r ❛❧❧ r❡s♣♦♥❞❡♥ts
❛s ✇❡❧❧ ❛s s❡♣❛r❛t❡❞ ❢♦r ♠❛❧❡ ❛♥❞ ❢❡♠❛❧❡ r❡s♣♦♥❞❡♥ts✳ ❯s✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s
❛♥❞ t❤❡ ❡q✉❛t✐♦♥s ✭✺✮ ❛♥❞ ✭✻✮ ❣✐✈❡ t❤❡ ✜♥❛❧ ❡st✐♠❛t❡s ❢♦r r❡❧✐❛❜✐❧✐t② ❛♥❞ st❛✲
❜✐❧✐t② s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷✳
❆❧❧ ❣♦♦❞♥❡ss ♦❢ ✜t ♠❡❛s✉r❡s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✶ ✭χ2✱ ❘▼❙❊❆✱ ❚▲■✱ ❈❋■✱ ❙❘▼❘❀
s❡❡ ▲♦❡❤❧✐♥✱ ✷✵✵✹✮ ✐♥❞✐❝❛t❡ ❛ ♠♦r❡ t❤❛♥ r❡❛s♦♥❛❜❧❡ ✜t ♦❢ t❤❡ ♠♦❞❡❧ ✐♥ ❛❧❧ t❤r❡❡
♣♦♣✉❧❛t✐♦♥s ❝♦♥s✐❞❡r❡❞✳ ❊❛❝❤ ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥t ✐s s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t
❢r♦♠ ③❡r♦ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ ❱❛r(ζ4) ❢♦r ❢❡♠❛❧❡ r❡s♣♦♥❞❡♥ts✳ ●✐✈❡♥ ✷✹
❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs t❤✐s ♠❛② ❜❡ s✐♠♣❧② ❛ r❛♥❞♦♠ ♦✉t❧✐❡r✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡
❛❝❝❡♣t❛❜❧❡ ✜t ✐♥❞✐❝❡s✱ t❤❡ ♠♦❞❡❧ s❡❡♠s t♦ ✜t t❤❡ ❞❛t❛ q✉✐t❡ ✇❡❧❧✳
❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s st✉❞② ❛r❡ t❤❡ ❡st✐♠❛t❡❞ r❡❧✐❛❜✐❧✐t✐❡s ❛♥❞ st❛❜✐❧✐t✐❡s
❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳ ❋♦r t❤❡ t♦t❛❧ s❛♠♣❧❡✱ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡s ❛r❡ ❛❜♦✈❡ ✵✳✽
❢♦r ❛❧❧ ✇❛✈❡s✱ ❛♥❞ ❜❡t✇❡❡♥ ✳✼✼✶ ❛♥❞ ✳✽✾✾ ❢♦r t❤❡ s✉❜❣r♦✉♣s✳
❆t ✜rst s✐❣❤t✱ t❤❡ ❢❛❝t t❤❛t r❡❧✐❛❜✐❧✐t✐❡s ρ21✱ ρ
2
2 ❛♥❞ ρ
2
3 ❛r❡ ❤✐❣❤❡r ❢♦r t❤❡ t♦t❛❧
s❛♠♣❧❡ t❤❛♥ ❢♦r ❜♦t❤ s✉❜❣r♦✉♣s ♠❛② ❜❡ s✉r♣r✐s✐♥❣✳ ●✐✈❡♥ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ r❡❧✐❛❜✐❧✐t② ❛s t❤❡ r❛t✐♦ ♦❢ tr✉❡ s❝♦r❡ ✈❛r✐❛♥❝❡ t♦ ♦❜s❡r✈❡❞ ✈❛r✐❛♥❝❡✱ t❤❡
♦❜s❡r✈❡❞ ♣❛tt❡r♥ ✐s ♠♦st ❧✐❦❡❧② t❤❡ r❡s✉❧t ♦❢ r❡❞✉❝❡❞ tr✉❡ s❝♦r❡ ✈❛r✐❛♥❝❡ ✐♥
t❤❡ s✉❜❣r♦✉♣s✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ♦❜s❡r✈❡❞ r❡s♣♦♥s❡ ♣r♦✜❧❡s ✐♥ ❋✐❣✉r❡ ✷✱ t❤✐s
r❡❞✉❝t✐♦♥ ✐♥ tr✉❡ s❝♦r❡ ✈❛r✐❛♥❝❡ ✐♥ ❜♦t❤ s✉❜❣r♦✉♣s ♠✐❣❤t ❜❡ ♣❧❛✉s✐❜❧❡✳
❞❛t❛✳
✶✶
❚❛❜❧❡ ✶✿ ❲✐❧❡② ❛♥❞ ❲✐❧❡② ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ ❣♦♦❞♥❡ss ♦❢ ✜t ♠❡❛s✉r❡s
❢♦r t❤❡ st❛♥❞❛r❞ ❢❡❛r ♦❢ ❝r✐♠❡ ✉s✐♥❣ ♠❡r❣❡❞ ❇❍P❙✴❯❑❍▲❙ ❞❛t❛✳
❆❧❧ ▼❛❧❡ ❋❡♠❛❧❡
θˆ σˆθ θˆ σˆθ θˆ σˆθ
β21 ✳✽✵✺ ✭✳✵✺✾✮ ✳✽✺✼ ✭✳✶✶✹✮ ✳✼✷✻ ✭✳✵✽✸✮
β32 ✳✽✼✾ ✭✳✵✸✶✮ ✳✾✹✸ ✭✳✵✻✶✮ ✳✽✼✼ ✭✳✵✺✸✮
β43 ✳✽✽✼ ✭✳✵✸✶✮ ✳✽✼✽ ✭✳✵✺✺✮ ✳✽✸✷ ✭✳✵✹✻✮
❱❛r(ζ1) ✳✸✻✻ ✭✳✵✷✻✮ ✳✷✵✻ ✭✳✵✷✽✮ ✳✸✹✹ ✭✳✵✸✽✮
❱❛r(ζ2) ✳✶✵✾ ✭✳✵✷✸✮ ✳✵✾✹ ✭✳✵✷✾✮ ✳✶✷✹ ✭✳✵✸✶✮
❱❛r(ζ3) ✳✵✼✸ ✭✳✵✶✸✮ ✳✵✻✶ ✭✳✵✷✵✮ ✳✵✾✺ ✭✳✵✷✵✮
❱❛r(ζ4) ✳✵✻✺ ✭✳✵✷✾✮ ✳✶✵✹ ✭✳✵✸✾✮ ✳✵✺✹ ✭✳✵✹✶✮
❱❛r(ε) ✳✶✻✼ ✭✳✵✶✼✮ ✳✶✹✾ ✭✳✵✷✶✮ ✳✶✼✼ ✭✳✵✷✺✮
χ2df=2 ✷✳✸✹✷ ♣❂✳✸✶✵ ✸✳✷✵✵ ♣❂✳✷✵✷ ✵✳✻✽✺ ♣❂✳✼✶✵
❘▼❙❊❆ ✵✳✵✷✾ ✵✳✵✺✶ ✵✳✵✵✵
❚▲■ ✵✳✾✾✻ ✵✳✾✽✻ ✶✳✵✵✶
❈❋■ ✵✳✾✾✾ ✵✳✾✾✺ ✶✳✵✵✵
❙❘▼❘ ✵✳✵✵✼ ✵✳✵✶✸ ✵✳✵✵✻
n ✷✽✺✶ ✶✺✵✺ ✶✸✹✻
❚❛❜❧❡ ✷✿ ❲✐❧❡② ❛♥❞ ❲✐❧❡② r❡❧✐❛❜✐❧✐t② ❛♥❞ st❛❜✐❧✐t② ❡st✐♠❛t❡s ❢♦r t❤❡ st❛♥❞❛r❞
❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦r ❢♦r t❤❡ ♠❡r❣❡❞ ❇❍P❙✴❯❑❍▲❙ ❞❛t❛✳
❆❧❧ ▼❛❧❡ ❋❡♠❛❧❡
ρ21 ✳✻✽✼ ✳✺✽✵ ✳✻✻✵
ρ22 ✳✻✼✺ ✳✻✷✷ ✳✻✸✸
ρ23 ✳✻✼✶ ✳✻✺✷ ✳✻✺✶
ρ24 ✳✻✻✻ ✳✻✽✷ ✳✻✶✺
γ21 ✳✽✷✽ ✳✼✽✺ ✳✼✼✶
γ32 ✳✽✽✻ ✳✽✽✹ ✳✽✹✹
γ43 ✳✽✾✼ ✳✽✷✶ ✳✽✾✾
✶✷
Attitude toward gay relationships
Interest in politics
Attitude to male breadwinner model
Overall life satisfaction
Fear of crime
.
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BHPS/UKHLS-Wave
❋✐❣✉r❡ ✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ r❡❧✐❛❜✐❧✐t② ❡st✐♠❛t❡s✿ ❙t❛♥❞❛r❞ ✐♥❞✐❝❛t♦r ❛♥❞ ❢♦✉r
❛tt✐t✉❞❡ ✐t❡♠s ✐♥ t❤❡ ❇❍P❙✴❯❑▲❙✳ ❊st✐♠❛t❡s ❢r♦♠ ❚❛❜❧❡ ❇✳✶ ✐♥ t❤❡ ❛♣✲
♣❡♥❞✐①✳
✶✸
❆s t❤❡r❡ ✐s ♥♦ ❣❡♥❡r❛❧❧② ❛❝❝❡♣t❡❞ ♦r ✇❡❧❧✲♣r♦✈❡♥ ❛❜s♦❧✉t❡ t❤r❡s❤♦❧❞ ❢♦r t❤❡
r❡❧✐❛❜✐❧✐t② ♦❢ ❛ s✐♥❣❧❡ ✐t❡♠ ✐♥ s♦❝✐❛❧ r❡s❡❛r❝❤✱ ✐t ♠✐❣❤t ❜❡ ✉s❡❢✉❧ t♦ ❝♦♠♣❛r❡
t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r ✇✐t❤ ♦t❤❡r ❛tt✐t✉❞❡ ✐t❡♠s ✐♥ t❤❡ ❇❍P❙✴❯❑▲❙✳ ❲❡ ❞❡✲
❧✐❜❡r❛t❡❧② s❡❧❡❝t❡❞ ❛tt✐t✉❞❡s ✇❤✐❝❤ ✇❡ ❡①♣❡❝t❡❞ t♦ ❜❡ st❛❜❧❡ ❛t ❧❡❛st ❢♦r s♦♠❡
②❡❛rs ✭❛tt✐t✉❞❡ t♦ ♠❛❧❡ ❜r❡❛❞✇✐♥♥❡r ♠♦❞❡❧✮✱ t✇♦ ✐t❡♠s ✇✐t❤ ❡①♣❡❝t❡❞ ❛✈❡r✲
❛❣❡ r❡❧✐❛❜✐❧✐t② ✭❣❛② r❡❧❛t✐♦♥s❤✐♣s ❛♥❞ ✐♥t❡r❡st ✐♥ ♣♦❧✐t✐❝s✱ ❆❧✇✐♥✱ ✷✵✵✼❀ Pr✐♦r✱
✷✵✶✵✮ ❛♥❞ ❛♥ ✐t❡♠ ✇❤✐❝❤ ✐s ❦♥♦✇♥ ❢♦r ✐ts ❧♦✇ r❡❧✐❛❜✐❧✐t② ✭♦✈❡r❛❧❧ ❧✐❢❡ s❛t✐s✲
❢❛❝t✐♦♥✱ ▲✉❝❛s ❛♥❞ ❉♦♥♥❡❧❧❛♥✱ ✷✵✶✷❀ ❙❝❤✐♠♠❛❝❦ ❡t ❛❧✳✱ ✷✵✶✵✮✳ ❚❤❡ q✉❡st✐♦♥s
❛♥❞ ❡st✐♠❛t❡s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ✭❚❛❜❧❡ ❇✳✶✮✳ ❚♦ ♠❛❦❡ ❝♦♠♣❛r✐s♦♥s
❡❛s✐❡r✱ t❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ❛s ❛ ❧✐♥❡♣❧♦t ✭s❡❡ ❋✐❣✉r❡ ✸✮✳ ❆t ❡❛❝❤ ♣♦✐♥t
✐♥ t✐♠❡✱ t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r ❤❛s ❛ ❧♦✇❡r r❡❧✐❛❜✐❧✐t② t❤❛♥ ❛❧❧ ♦t❤❡r ✐t❡♠s
s❡❧❡❝t❡❞ ❤❡r❡✳ ❋✉rt❤❡r♠♦r❡✱ ❛t ❛❧❧ ♣♦✐♥ts ✐♥ t✐♠❡ st❛❜✐❧✐t② ♦❢ t❤❡ ✐♥❞✐❝❛t♦r ✐s
❧♦✇❡r ❛❧❧ ♦t❤❡r ❡st✐♠❛t❡❞ st❛❜✐❧✐t✐❡s✳
✼ ❉✐s❝✉ss✐♦♥
❘❡❧✐❛❜✐❧✐t✐❡s ❜❡t✇❡❡♥ ✵✳✻✼ ❛♥❞ ✵✳✻✾ ❢♦r t❤❡ t♦t❛❧ s❛♠♣❧❡ ❛♥❞ ✵✳✺✽ t♦ ✵✳✻✽ ❢♦r
t❤❡ s✉❜❣r♦✉♣s ❛r❡ ❜❡tt❡r r❡s✉❧ts t❤❛♥ ❡①♣❡❝t❡❞✱ ❣✐✈❡♥ t❤❡ ❝r✐t✐❝❛❧ ❞✐s❝✉ss✐♦♥
♦❢ t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ♥♦ ✜①❡❞ ❝✉t✲
♦✛ ✈❛❧✉❡s ❢♦r r❡❧✐❛❜✐❧✐t✐❡s ✇❤✐❝❤ ♠✐❣❤t ♣❡r♠✐t t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✐t❡♠s ❛s
❛❝❝❡♣t❛❜❧❡ ♦r ♥♦t✳ ■♥ ♠♦st ❛♣♣❧✐❝❛t✐♦♥s ❢♦r r❡❧✐❛❜✐❧✐t② ❡st✐♠❛t❡s✱ r❡❧✐❛❜✐❧✐t②
✐s ❛♣♣❧✐❡❞ t♦ ❛ t❡st ❝♦♥s✐st✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ✐t❡♠s✳ ❚❤❡r❡❢♦r❡✱ ♠♦st ❞✐s❝✉ss✐♦♥s
♦❢ r❡❧✐❛❜✐❧✐t② ❢♦❝✉s ♦♥ t❡sts✳ ❙✐♥❝❡ t❤❡ st❛♥❞❛r❞ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦r ✐s ♥♦t
❛ s❝❛❧❡ ❜✉t ❛ s✐♥❣❧❡ ✐t❡♠✱ st❛♥❞❛r❞ ❣✉✐❞❡❧✐♥❡s s✉❝❤ ❛s ✵✳✼ ❛s ♠✐♥✐♠✉♠ ✈❛❧✉❡
s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇✐t❤ ❝❛✉t✐♦♥✳
■♥ ❣❡♥❡r❛❧✱ t❤❡ ♣♦♣✉❧❛r ✵✳✼✲❝✉t♦✛ s❡❡♠s t♦ ❜❡ ❛ ♠✐s✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡
r❡❝♦♠♠❡♥❞❛t✐♦♥s ✐♥ t❤❡ ♣s②❝❤♦♠❡tr✐❝ ❧✐t❡r❛t✉r❡ ✭▲❛♥❝❡ ❡t ❛❧✳✱ ✷✵✵✻✮✳ ❋♦r
❡①❛♠♣❧❡✱ ◆✉♥♥❛❧❧② ✭✶✾✻✼✱ ✷✷✻✮ st❛t❡s t❤❛t ❛ s❛t✐s❢❛❝t♦r② ❧❡✈❡❧ ♦❢ r❡❧✐❛❜✐❧✐t②
✏✭✳✳✳✮ ❞❡♣❡♥❞s ♦♥ ❤♦✇ ❛ ♠❡❛s✉r❡ ✐s ❜❡✐♥❣ ✉s❡❞✳ ■♥ t❤❡ ❡❛r❧② st❛❣❡s ♦❢ r❡s❡❛r❝❤
♦♥ ♣r❡❞✐❝t♦r t❡sts ♦r ❤②♣♦t❤❡s✐③❡❞ ♠❡❛s✉r❡s ♦❢ ❛ ❝♦♥str✉❝t✱ ♦♥❡ s❛✈❡s t✐♠❡
❛♥❞ ❡♥❡r❣② ❜② ✇♦r❦✐♥❣ ✇✐t❤ ✐♥str✉♠❡♥ts t❤❛t ❤❛✈❡ ♦♥❧② ♠♦❞❡st r❡❧✐❛❜✐❧✐t②✱ ❢♦r
✇❤✐❝❤ ♣✉r♣♦s❡ r❡❧✐❛❜✐❧✐t✐❡s ♦❢ ✳✻✵ ♦r ✳✺✵ ✇✐❧❧ s✉✣❝❡✳✑ ❇✉t ✐❢ ✏✭✳✳✳✮ ✐♠♣♦rt❛♥t
❞❡❝✐s✐♦♥s ❛r❡ ♠❛❞❡ ✇✐t❤ r❡s♣❡❝t t♦ s♣❡❝✐✜❝ t❡st s❝♦r❡s✱ ❛ r❡❧✐❛❜✐❧✐t② ♦❢ ✳✾✵
✐s t❤❡ ♠✐♥✐♠✉♠ t❤❛t s❤♦✉❧❞ ❜❡ t♦❧❡r❛t❡❞✱ ❛♥❞ ❛ r❡❧✐❛❜✐❧✐t② ♦❢ ✳✾✺ s❤♦✉❧❞ ❜❡
❝♦♥s✐❞❡r❡❞ t❤❡ ❞❡s✐r❛❜❧❡ st❛♥❞❛r❞✳✑ ❙✉r✈❡②s ❛r❡ ♥♦t ✉s❡❞ t♦ ♠❛❦❡ ✐♠♣♦rt❛♥t
❞❡❝✐s✐♦♥s ♦♥ ✐♥❞✐✈✐❞✉❛❧s✱ ❜✉t ❛❢t❡r ✺✵ ②❡❛rs ♦❢ r❡s❡❛r❝❤ ♦♥ ❢❡❛r ♦❢ ❝r✐♠❡✱ ✐t
❝♦✉❧❞ ❤❛r❞❧② ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ✐♥ ✐ts ❡❛r❧② st❛❣❡s✳
❙♦ ❛♥ ❡st✐♠❛t❡❞ r❡❧✐❛❜✐❧✐t② ♦❢ ✵✳✻✼ ✐s ❝❡rt❛✐♥❧② ♥♦t s✉✐t❛❜❧❡ ❢♦r ♣s②❝❤♦♠❡tr✐❝
♣✉r♣♦s❡s✱ ❜✉t ✐t ♠✐❣❤t ❜❡ s✉✣❝✐❡♥t ❢♦r s♦♠❡ r❡s❡❛r❝❤ ♣✉r♣♦s❡s✱ ❢♦r ❡①❛♠♣❧❡
❝♦♠♣❛r✐♥❣ ❛❣❣r❡❣❛t❡❞ ♠❡❛s✉r❡♠❡♥ts ❢♦r s♠❛❧❧ ❣❡♦❣r❛♣❤✐❝❛❧ ❛r❡❛s ❜❛s❡❞ ♦♥
✶✹
❧❛r❣❡ ♥✉♠❜❡rs ♦❢ ♦❜s❡r✈❛t✐♦♥s✳
❚❤❡r❡❢♦r❡✱ ❝♦♠♣❛r✐s♦♥ ❞❛t❛ ❢♦r s✐♥❣❧❡ ✐t❡♠ r❡❧✐❛❜✐❧✐t② ❡st✐♠❛t❡s ♦❢ s✉r✈❡②
♠❡❛s✉r❡s ✐♥ ❣❡♥❡r❛❧ ♣♦♣✉❧❛t✐♦♥s ♠✐❣❤t ❜❡ ❤❡❧♣❢✉❧ ❢♦r ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ st❛♥✲
❞❛r❞ ✐♥❞✐❝❛t♦r✳ ❘❡❝❡♥t❧②✱ t✇♦ ❝♦♠♣r❡❤❡♥s✐✈❡ st✉❞✐❡s ♦♥ s✉r✈❡② r❡❧✐❛❜✐❧✐t✐❡s
❜❛s❡❞ ♦♥ s✐♠♣❧❡① ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞✳
❆❧✇✐♥ ✭✷✵✵✼✮ ✉s❡❞ t❤❡ ◆❛t✐♦♥❛❧ ❊❧❡❝t✐♦♥ ❙t✉❞② ✭◆❊❙✮✱ t❤❡ ❆♠❡r✐❝❛♥ ❈❤❛♥❣✲
✐♥❣ ▲✐✈❡s P❛♥❡❧ ✭❆❈▲✮ ❛♥❞ t❤❡ ❙t✉❞② ♦❢ ❆♠❡r✐❝❛♥ ❋❛♠✐❧✐❡s ✭❙❆❋✮ t♦ ❡st✐♠❛t❡
r❡❧✐❛❜✐❧✐t✐❡s ♦❢ ❝♦♠♠♦♥ s✉r✈❡② ✐t❡♠s✳ ❚❤❡ t❛❜❧❡ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ♦❢ ❤✐s ❜♦♦❦
❝♦♥t❛✐♥s ✹✽✽ ❡st✐♠❛t❡s✱ ♦❢ ✇❤✐❝❤ ✹✹✽ r❡❧❛t❡ t♦ r❡s♣♦♥❞❡♥ts✬ s❡❧❢✲r❡♣♦rts✳ ▼♦st
♦❢ t❤❡s❡ ✭✸✹✼✮ ❝♦♥❝❡r♥ ♥♦♥❢❛❝ts✳ ❆❧✇✐♥ ✭✷✵✵✼✮ ❣✐✈❡s ❛ ♠❡❛♥ r❡❧✐❛❜✐❧✐t② ♦❢ ✵✳✻✸✹
❢♦r t❤✐s s✉❜s❡t✳ ❯s✐♥❣ ❛ ❞✐❣✐t✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❆❧✇✐♥ t❛❜❧❡✱ ✇❡ ❝♦♠♣✉t❡❞
❛ ♠❡❛♥ r❡❧✐❛❜✐❧✐t② ❢♦r ❛❧❧ ✐t❡♠s ♦❢ ✵✳✻✼✵✱ ✇✐t❤ ❛ ♠❡❞✐❛♥ ♦❢ ✵✳✻✻✼✳ ❚❤❡ r❡❧✐❛✲
❜✐❧✐t② ❡st✐♠❛t❡s ✭✵✳✻✻✻✕✵✳✻✽✼✮ ♦❢ t❤❡ st❛♥❞❛r❞ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦r ✐♥ t❤❡
❇❍P❙✴❯❑▲❙ ✇♦✉❧❞ ❜❡ ❝❧♦s❡ t♦ t❤❡ ✺✵✪ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❆❧✇✐♥ ❡st✐♠❛t❡s✳
❚❤❡ ✇♦rst r❡❧✐❛❜✐❧✐t② ❡st✐♠❛t❡ ✐♥ t❤❡ ❇❍P❙✴❯❑▲❙ ✭✵✳✺✺✷❀ ♠❛❧❡ r❡s♣♦♥❞❡♥ts
✇❛✈❡ ✶✲✷✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✷✻✪ ♣❡r❝❡♥t✐❧❡ ✐♥ t❤❡ ❆❧✇✐♥ t❛❜❧❡✳
▼♦r❡ r❡❝❡♥t❧②✱ ❍♦✉t ❛♥❞ ❍❛st✐♥❣s ✭✷✵✶✷✮ ♣✉❜❧✐s❤❡❞ r❡❧✐❛❜✐❧✐t② ❛♥❞ st❛❜✐❧✐t②
❡st✐♠❛t❡s ♦❢ ✷✽✶ ✐t❡♠s ♦❢ t❤❡ ●❡♥❡r❛❧ ❙♦❝✐❛❧ ❙✉r✈❡② ✭●❙❙✮ t❤r❡❡✲✇❛✈❡ ♣❛♥❡❧
✭✷✵✵✻✱ ✷✵✵✽✱ ✷✵✶✵✮✳ ❋♦r ✾✼ ✐t❡♠s ❝♦♥❝❡r♥✐♥❣ ❜❡❧✐❡❢s ❛♥❞ ✈❛❧✉❡s✱ t❤❡② r❡♣♦rt❡❞
✵✳✻✾✵ ❛s ♠❡❛♥ r❡❧✐❛❜✐❧✐t② ✭♠❡❞✐❛♥✿ ✵✳✼✵✻✮✳ ❋♦r ✻✸ ❛tt✐t✉❞❡ ✐t❡♠s✱ ❛ ♠❡❛♥
r❡❧✐❛❜✐❧✐t② ♦❢ ✵✳✻✻✹ ✭♠❡❞✐❛♥ ✵✳✻✺✽✮ ✇❛s ♦❜s❡r✈❡❞✳ ❚❤✐s ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡
❡st✐♠❛t❡s r❡♣♦rt❡❞ ❤❡r❡✳
❚♦ s✉♠♠❛r✐③❡ t❤❡ ❞✐s❝✉ss✐♦♥✱ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ st❛♥❞❛r❞ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐✲
❝❛t♦r ❞♦❡s ♥♦t ❛♣♣r♦❛❝❤ ♣s②❝❤♦♠❡tr✐❝ st❛♥❞❛r❞s ❢♦r ❝❧✐♥✐❝❛❧ ✉s❡✱ ❜✉t t❤✐s ✐s
tr✉❡ ❢♦r ♠❛♥② ♦t❤❡r s✉r✈❡② ✐t❡♠s✳ ■t s❤♦✉❧❞ ❜❡ ❦❡♣t ✐♥ ♠✐♥❞ t❤❛t ✺✵✪ ♦❢ ❛❧❧
✐t❡♠s ✐♥ ❜♦t❤ st✉❞✐❡s ❝✐t❡❞ ❛❜♦✈❡ ❤❛✈❡ ❧♦✇❡r r❡❧✐❛❜✐❧✐t✐❡s✳ ❚❤❡r❡❢♦r❡✱ r❡❧✐❛❜✐❧✲
✐t② ✐s ❡✐t❤❡r ♥♦t ❛ ❝❡♥tr❛❧ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❢❡❛r ♦❢ ❝r✐♠❡ ✐♥❞✐❝❛t♦r ♦r ❛ ❝❡♥tr❛❧
♣r♦❜❧❡♠ ♦❢ ❛t ❧❡❛st ❤❛❧❢ t❤❡ ♦t❤❡r ✐t❡♠s ✐♥ s♦❝✐❛❧ s❝✐❡♥❝❡ r❡s❡❛r❝❤✳ ❲❡ t❡♥❞
t♦ t❤❡ s❡❝♦♥❞ ✐♥t❡r♣r❡t❛t✐♦♥✳ ■♠♣r♦✈✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ❝♦r❡ ❝♦♥❝❡♣ts
s✉❝❤ ❛s ❢❡❛r ♦❢ ❝r✐♠❡ s❡❡♠s t♦ ✉s t♦ ❜❡ ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡✳ ❚❤❡r❡❢♦r❡ ✇❡
❤♦♣❡ t❤❛t t❤❡ st❛♥❞❛r❞ ✐♥❞✐❝❛t♦r ♦❢ ❢❡❛r ♦❢ ❝r✐♠❡ ✇✐❧❧ ❜❡ r❡♣❧❛❝❡❞ ❜② ♦✛❡♥s❡✲
s♣❡❝✐✜❝ ♠❡❛s✉r❡s ❜❛s❡❞ ♦♥ r❛t✐♦♥❛❧ ❝❤♦✐❝❡ ❢r❛♠❡✇♦r❦ ✭s✉❝❤ ❛s ❲✐♥❦❡❧ ✭✶✾✽✶✮
r❡❝♦♠♠❡♥❞❡❞ ♦✈❡r ✸✵ ❨❡❛rs ❛❣♦✮ ✐♥ t❤❡ ♥❡❛r ❢✉t✉r❡✳ ❚❡st✐♥❣ t❤❡ ♠❡❛s✉r❡✲
♠❡♥t ♣r♦♣❡rt✐❡s ♦❢ s✉❝❤ ❛ t❤❡♦r❡t✐❝❛❧❧② ❜❛s❡❞ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❢❡❛r ♦❢ ❝r✐♠❡
✐s s✉❜❥❡❝t ♦❢ ♦✉r ♦♥❣♦✐♥❣ r❡s❡❛r❝❤✳
✶✺
❆♣♣❡♥❞✐①
❆ ◗✉❡st✐♦♥s ✉s❡❞ ✐♥ t❤❡ ❇❍P❙✴❯❑❍▲❙
❆tt✐t✉❞❡ t♦✇❛r❞ ❣❛② r❡❧❛t✐♦♥s❤✐♣s✿ ❉♦ ②♦✉ ♣❡rs♦♥❛❧❧② ❛❣r❡❡ ♦r ❞✐s❛❣r❡❡
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts✳ ❬❍♦♠♦s❡①✉❛❧ r❡❧❛t✐♦♥s❤✐♣s ❛r❡ ❛❧✇❛②s
✇r♦♥❣✳❪
✶ ❙tr♦♥❣❧② ❛❣r❡❡
✷ ❆❣r❡❡
✸ ◆❡✐t❤❡r ❛❣r❡❡ ♥♦r ❞✐s❛❣r❡❡
✹ ❉✐s❛❣r❡❡
✺ ❙tr♦♥❣❧② ❞✐s❛❣r❡❡
■♥t❡r❡st ✐♥ ♣♦❧✐t✐❝s✿ ❍♦✇ ✐♥t❡r❡st❡❞ ✇♦✉❧❞ ②♦✉ s❛② ②♦✉ ❛r❡ ✐♥ ♣♦❧✐t✐❝s❄
❲♦✉❧❞ ②♦✉ s❛② ②♦✉ ❛r❡
✶ ❱❡r② ✐♥t❡r❡st❡❞
✷ ❋❛✐r❧② ✐♥t❡r❡st❡❞
✸ ◆♦t ✈❡r② ✐♥t❡r❡st❡❞
✹ ◆♦t ❛t ❛❧❧ ✐♥t❡r❡st❡❞
❆tt✐t✉❞❡ t♦ ♠❛❧❡ ❜r❡❛❞✇✐♥♥❡r ♠♦❞❡❧✿ ❍❡r❡ ❛r❡ s♦♠❡ q✉❡st✐♦♥s ❛❜♦✉t
❢❛♠✐❧② ❧✐❢❡✳ ❉♦ ②♦✉ ♣❡rs♦♥❛❧❧② ❛❣r❡❡ ♦r ❞✐s❛❣r❡❡ ✳✳✳ ❬❆ ❤✉s❜❛♥❞✬s ❥♦❜ ✐s
t♦ ❡❛r♥ ♠♦♥❡②❀ ❛ ✇✐❢❡✬s ❥♦❜ ✐s t♦ ❧♦♦❦ ❛❢t❡r t❤❡ ❤♦♠❡ ❛♥❞ ❢❛♠✐❧②❪
✶ ❙tr♦♥❣❧② ❛❣r❡❡
✷ ❆❣r❡❡
✸ ◆❡✐t❤❡r ❛❣r❡❡ ♥♦r ❞✐s❛❣r❡❡
✹ ❉✐s❛❣r❡❡
✺ ❙tr♦♥❣❧② ❞✐s❛❣r❡❡
❖✈❡r❛❧❧ ❧✐❢❡ s❛t✐s❢❛❝t✐♦♥✿ ❍❡r❡ ❛r❡ s♦♠❡ q✉❡st✐♦♥s ❛❜♦✉t ❤♦✇ ②♦✉ ❢❡❡❧ ❛❜♦✉t
②♦✉r ❧✐❢❡✳ P❧❡❛s❡ t✐❝❦ t❤❡ ♥✉♠❜❡r ✇❤✐❝❤ ②♦✉ ❢❡❡❧ ❜❡st ❞❡s❝r✐❜❡s ❤♦✇ ❞✐s✲
s❛t✐s✜❡❞ ♦r s❛t✐s✜❡❞ ②♦✉ ❛r❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s♣❡❝ts ♦❢ ②♦✉r ❝✉rr❡♥t
s✐t✉❛t✐♦♥✳
✶ ◆♦t s❛t✐s✜❡❞ ❛t ❛❧❧ ✖ ✼ ❈♦♠♣❧❡t❡❧② s❛t✐s✜❡❞
❯s✐♥❣ t❤❡ s❛♠❡ s❝❛❧❡ ❤♦✇ ❞✐ss❛t✐s✜❡❞ ♦r s❛t✐s✜❡❞ ❛r❡ ②♦✉ ✇✐t❤ ②♦✉r ❧✐❢❡
♦✈❡r❛❧❧❄
✶ ◆♦t s❛t✐s✜❡❞ ❛t ❛❧❧ ✖ ✼ ❈♦♠♣❧❡t❡❧② s❛t✐s✜❡❞
❋❡❛r ♦❢ ❝r✐♠❡✿ ❍♦✇ s❛❢❡ ❞♦ ②♦✉ ❢❡❡❧ ✇❛❧❦✐♥❣ ❛❧♦♥❡ ✐♥ t❤✐s ❛r❡❛ ❛❢t❡r ❞❛r❦❄
✶ ❱❡r② s❛❢❡
✷ ❋❛✐r❧② s❛❢❡
✸ ❆ ❜✐t ✉♥s❛❢❡
✹ ❱❡r② ✉♥s❛❢❡
✶✻
❇❚
❛❜
❧❡
❇
✳✶✿
❘
❡❧✐❛❜
✐❧✐t②
❛♥
❞
❙
t❛❜
✐❧✐t②
❡st✐♠
❛t❡s
❢♦r
t❤
❡
st❛♥
❞
❛r❞
✐♥
❞
✐❝❛t♦r
❛♥
❞
✹
♦t❤
❡r
❛tt✐t✉
❞
❡
✐t❡♠
s
✐♥
t❤
❡
❇
❍
P
❙
✴❯
❑
▲
❙
✳
❋❡❛r ♦❢ ❆tt✐t✉❞❡ t♦✇❛r❞ ❆tt✐t✉❞❡ t♦ ♠❛❧❡ ❖✈❡r❛❧❧ ❧✐❢❡ ■♥t❡r❡st ✐♥
❝r✐♠❡ ❣❛② r❡❧❛t✐♦♥s❤✐♣s ❜r❡❛❞✇✐♥♥❡r ♠♦❞❡❧ s❛t✐s❢❛❝t✐♦♥ ♣♦❧✐t✐❝s
ρ21 ✵✳✻✽✼ ✵✳✼✾✽ ✵✳✼✷✼ ✵✳✼✶✺ ✵✳✽✶✹
ρ22 ✵✳✻✼✺ ✵✳✼✾✼ ✵✳✼✶✶ ✵✳✻✾✺ ✵✳✽✷✺
ρ23 ✵✳✻✼✶ ✵✳✼✾✾ ✵✳✻✾✾ ✵✳✼✵✸ ✵✳✽✷✸
ρ24 ✵✳✻✻✻ ✵✳✼✾✵ ✵✳✻✽✹ ✵✳✼✵✵ ✵✳✽✸✷
γ21 ✵✳✽✷✽ ✵✳✾✼✷ ✵✳✾✻✺ ✵✳✽✽✺ ✵✳✾✽✹
γ32 ✵✳✽✽✻ ✵✳✾✼✻ ✵✳✾✺✻ ✵✳✾✻✼ ✵✳✾✽✵
γ43 ✵✳✽✾✼ ✵✳✾✽✻ ✶✳✵✵✺ ✵✳✾✸✻ ✵✳✾✼✷
χ2df=2 ✷✳✸✹✷✱ ♣❂✵✳✸✶✵ ✹✳✶✾✼✱ ♣❂✵✳✶✷✸ ✶✳✶✶✻✱ ♣❂✵✳✺✼✷ ✹✳✸✼✸✱ ♣❂✵✳✶✶✷ ✶✳✽✻✼✱ ♣❂✵✳✸✾✸
❘▼❙❊❆ ✵✳✵✷✾ ✵✳✵✸✼ ✵✳✵✶✵ ✵✳✵✷✹ ✵✳✵✷✶
❚▲■ ✵✳✾✾✻ ✵✳✾✾✼ ✶✳✵✵✵ ✵✳✾✾✽ ✵✳✾✾✾
❈❋■ ✵✳✾✾✾ ✵✳✾✾✾ ✶✳✵✵✵ ✵✳✾✾✾ ✶✳✵✵✵
❙❘▼❘ ✵✳✵✵✼ ✵✳✵✵✹ ✵✳✵✵✷ ✵✳✵✵✺ ✵✳✵✵✸
n ✷✽✺✶ ✾✸✷✾ ✾✽✷✾ ✶✵✾✸✶ ✶✷✷✶✹
❇❍P❙✲✇❛✈❡s ❣❧q❝† ❧♥♣r ❦♠♦q ♦♣qr ♦♣qr
†✿ ❲❛✈❡ ❝ ✐s t❤❡ t❤✐r❞ ❯❑❍▲❙ ✇❛✈❡
✶✼
❈ ◆♦t❡s ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ r❡❧✐❛❜✐❧✐t② ❛♥❞
st❛❜✐❧✐t② ✐♥ ❛ ✹✲✇❛✈❡ ♣❛♥❡❧
❋♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥s ❢♦r ✇❛✈❡s ✶ t♦ ✸✱ s❡❡ ❲✐❧❡② ❛♥❞
❲✐❧❡② ✭✶✾✼✵✮✳ ❊①t❡♥❞✐♥❣ t❤❡ ❢♦r♠✉❧❛❡ ❢♦r ✇❛✈❡ ✹ ✐s str❛✐❣❤t ❢♦r✇❛r❞✱ ❣✐✈❡♥
t❤❛t
❱❛r(ξ4) = β
2
43(β
2
32(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)) + ❱❛r(ζ4)
❛♥❞
❱❛r(x4) = ❱❛r(ξ4) + ❱❛r(ε).
❘❡❧✐❛❜✐❧✐t✐❡s ❛r❡ ❞❡✜♥❡❞ ❜② ❲✐❧❡② ❛♥❞ ❲✐❧❡② ✭✶✾✼✵✱ ✶✶✷✲✶✶✹✮ ❛s
ρ2t =
❱❛r(ξt)
❱❛r(xt)
=
❱❛r(ξt)
❱❛r(ξt) + ❱❛r(ε)
❢♦❧❧♦✇✐♥❣ t❤❡ st❛♥❞❛r❞ ♣s②❝❤♦♠❡tr✐❝ ❞❡✜♥✐t✐♦♥ ❜② ▲♦r❞ ❛♥❞ ◆♦✈✐❝❦ ✭✶✾✻✽✮
✇❤✐❝❤ ❧❡❛❞s t♦
ρ24 =
β243(β
2
32(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)) + ❱❛r(ζ4)
β243(β
2
32(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)) + ❱❛r(ζ4) + ❱❛r(ε)
.
❙t❛❜✐❧✐t② ❢♦r t✇♦ ❛❞❥❛❝❡♥t ♣♦✐♥ts ✐♥ t✐♠❡ γt+1,t ✐s ❞❡✜♥❡❞ ❜② ❲✐❧❡② ❛♥❞ ❲✐❧❡②
✭✶✾✼✵✱ ✶✶✹✲✶✶✺✮ ❛s ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ tr✉❡ s❝♦r❡s ξt ❛♥❞ ξt+1✳ ❚r❛♥s❢♦r✲
♠❛t✐♦♥ ♦❢ βt+1,t ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t♦r√
❱❛r(ξt)
❱❛r(ξt+1)
❣✐✈❡s t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ξt ❛♥❞ ξt+1
γ43 = β43
√
β232(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)√
β243(β
2
32(β
2
21❱❛r(ζ1) + ❱❛r(ζ2)) + ❱❛r(ζ3)) + ❱❛r(ζ4)
.
❚❤✐s ❝♦✉❧❞ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ❜② r❡q✉❡st✐♥❣ t❤❡ ✏❝♦♠♣❧❡t❡❧② st❛♥❞❛r❞✐③❡❞ s♦✲
❧✉t✐♦♥✑ ❢♦r βt+1,t ✐♥ ▲✐sr❡❧ ✇❤✐❝❤ ❣✐✈❡s t❤❡ st❛♥❞❛r❞✐③❡❞ ❧❛t❡♥t r❡❣r❡ss✐♦♥ ❝♦✲
❡✣❝✐❡♥ts✳
✶✽
❘❡❢❡r❡♥❝❡s
❆❧✇✐♥✱ ❉✳ ❋✳ ✭✶✾✽✾✮✳ Pr♦❜❧❡♠s ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ❛♥❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡
r❡❧✐❛❜✐❧✐t② ♦❢ s✉r✈❡② ❞❛t❛✳ ◗✉❛❧✳ ◗✉❛♥t✳✱ ✷✸✿✷✼✼✕✸✸✶✳
❆❧✇✐♥✱ ❉✳ ❋✳ ✭✷✵✵✼✮✳ ▼❛r❣✐♥s ♦❢ ❊rr♦r✿ ❆ ❙t✉❞② ♦❢ ❘❡❧✐❛❜✐❧✐t② ✐♥ ❙✉r✈❡②
▼❡❛s✉r❡♠❡♥t✳ ❲✐❧❡②✱ ❍♦❜♦❦❡♥✳
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▼❛t❤✳ ❙t❛t✳ Ps②❝❤♦❧✳✱ ✷✸✿✶✷✶✕✶✹✺✳
❑❛♣❧❛♥✱ ❉✳ ✭✷✵✵✵✮✳ ❙tr✉❝t✉r❛❧ ❊q✉❛t✐♦♥ ▼♦❞❡❧✐♥❣✿ ❋♦✉♥❞❛t✐♦♥ ❛♥❞ ❊①t❡♥✲
s✐♦♥s✳ ❙❛❣❡✱ ❚❤♦✉s❛♥❞ ❖❛❦s✳
❑❡❛♥❡✱ ❈✳ ✭✶✾✾✷✮✳ ❋❡❛r ♦❢ ❝r✐♠❡ ✐♥ ❝❛♥❛❞❛✿ ❆♥ ❡①❛♠✐♥❛t✐♦♥ ♦❢ ❝♦♥❝r❡t❡ ❛♥❞
❢♦r♠❧❡ss ❢❡❛r ♦❢ ✈✐❝t✐♠✐③❛t✐♦♥✳ ❈❛♥✳ ❏✳ ❈r✐♠✐♥♦❧✳✱ ✸✹✿✷✶✺✕✷✷✹✳
❑r❡✉t❡r✱ ❋✳ ✭✷✵✵✷✮✳ ❑r✐♠✐♥❛❧✐täts❢✉r❝❤t✿ ▼❡ss✉♥❣ ✉♥❞ ♠❡t❤♦❞✐s❝❤❡ Pr♦❜❧❡♠❡✳
▲❡s❦❡✰❇✉❞r✐❝❤✱ ❖♣❧❛❞❡♥✳
❑r♦s♥✐❝❦✱ ❏✳ ❆✳ ✭✷✵✵✷✮✳ ❚❤❡ ❝❛✉s❡s ♦❢ ♥♦✲♦♣✐♥✐♦♥ r❡s♣♦♥s❡s t♦ ❛tt✐t✉❞❡ ♠❡❛✲
s✉r❡s ✐♥ s✉r✈❡②s✿ ❚❤❡② ❛r❡ r❛r❡❧② ✇❤❛t t❤❡② ❛♣♣❡❛r t♦ ❜❡✳ ■♥ ●r♦✈❡s✱
❘✳ ▼✳✱ ❉✐❧❧♠❛♥✱ ❉✳ ❆✳✱ ❊❧t✐♥❣❡✱ ❏✳ ▲✳✱ ❛♥❞ ▲✐tt❧❡✱ ❘✳ ❏✳ ❆✳✱ ❡❞✐t♦rs✱
❙✉r✈❡② ◆♦♥r❡s♣♦♥s❡✱ ♣❛❣❡s ✽✼✕✶✵✵✳ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦✳
✷✵
❑✉r②✱ ❍✳✱ ▲✐❝❤t❜❧❛✉✱ ❆✳✱ ◆❡✉♠❛✐❡r✱ ❆✳✱ ❛♥❞ ❖❜❡r❣❢❡❧❧✲❋✉❝❤s✱ ❏✳ ✭✷✵✵✹✮✳ ❩✉r
❱❛❧✐❞✐tät ❞❡r ❊r❢❛ss✉♥❣ ✈♦♥ ❑r✐♠✐♥❛❧✐täts❢✉r❝❤t✳ ❙♦③✐❛❧❡ Pr♦❜❧❡♠❡✱
✶✺✿✶✹✶✕✶✻✺✳
▲❛♥❝❡✱ ❈✳ ❊✳✱ ❇✉tts✱ ▼✳ ▼✳✱ ❛♥❞ ▼✐❝❤❡❧s✱ ▲✳ ❈✳ ✭✷✵✵✻✮✳ ❚❤❡ s♦✉r❝❡s ♦❢ ❢♦✉r
❝♦♠♠♦♥❧② r❡♣♦rt❡❞ ❝✉t♦✛ ❝r✐t❡r✐❛✳ ✇❤❛t ❞✐❞ t❤❡② r❡❛❧❧② s❛②❄ ❖r❣❛♥✳
❘❡s✳ ▼❡t❤♦❞s✱ ✾✿✷✵✷✕✷✷✵✳
▲♦❡❤❧✐♥✱ ❏✳ ❈✳ ✭✷✵✵✹✮✳ ▲❛t❡♥t ❱❛r✐❛❜❧❡ ▼♦❞❡❧s ✲ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ ❋❛❝t♦r✱
P❛t❤✱ ❛♥❞ ❙tr✉❝t✉r❛❧ ❊q✉❛t✐♦♥ ❆♥❛❧②s✐s✳ ❊r❧❜❛✉♠✱ ▼❛❤✇❛❤✱ ✹✳ ❡❞✐t✐♦♥✳
▲♦r❞✱ ❋✳ ▼✳ ❛♥❞ ◆♦✈✐❝❦✱ ▼✳ ❘✳ ✭✶✾✻✽✮✳ ❙t❛t✐st✐❝❛❧ ❚❤❡♦r✐❡s ♦❢ ▼❡♥t❛❧ ❚❡st
❙❝♦r❡s✳ ❆❞❞✐s♦♥✲❲❡s❧❡②✱ ❘❡❛❞✐♥❣✳
▲✉❝❛s✱ ❘✳ ❊✳ ❛♥❞ ❉♦♥♥❡❧❧❛♥✱ ▼✳ ❇✳ ✭✷✵✶✷✮✳ ❊st✐♠❛t✐♥❣ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢
s✐♥❣❧❡✲✐t❡♠ ❧✐❢❡ s❛t✐s❢❛❝t✐♦♥ ♠❡❛s✉r❡s✿ ❘❡s✉❧ts ❢r♦♠ ❢♦✉r ♥❛t✐♦♥❛❧ ♣❛♥❡❧
st✉❞✐❡s✳ ❙♦❝✳ ■♥❞✐❝✳ ❘❡s✳✱ ✶✵✺✿✸✷✸✕✸✸✶✳
▼❛s❧♦✇✱ ❆✳ ❍✳ ✭✶✾✹✸✮✳ ❆ t❤❡♦r② ♦❢ ❤✉♠❛♥ ♠♦t✐✈❛t✐♦♥✳ Ps②❝❤♦❧✳ ❘❡✈✳✱ ✺✵✿✸✼✵✕
✸✾✻✳
▼❝❋❛❧❧✱ ❙✳ ✭✷✵✶✸✮✳ ❯♥❞❡rst❛♥❞✐♥❣ ❙♦❝✐❡t②✿ ❚❤❡ ❯❑ ❍♦✉s❡❤♦❧❞ ▲♦♥❣✐t✉❞✐♥❛❧
❙t✉❞②✳ ❲❛✈❡s ✶✲✸✱ ❯s❡r ▼❛♥✉❛❧✳ ■♥st✐t✉t❡ ❢♦r ❙♦❝✐❛❧ ❛♥❞ ❊❝♦♥♦♠✐❝
❘❡s❡❛r❝❤✱ ❯♥✐✈❡rs✐t② ♦❢ ❊ss❡①✱ ❈♦❧❝❤❡st❡r✳
◆♦❛❝❦✱ ▼✳ ✭✷✵✶✺✮✳ ▼❡t❤♦❞✐s❝❤❡ Pr♦❜❧❡♠❡ ❜❡✐ ❞❡r ▼❡ss✉♥❣ ✈♦♥ ❑r✐♠✐♥❛❧✐täts✲
❢✉r❝❤t ✉♥❞ ❱✐❦t✐♠✐s✐❡r✉♥❣s❡r❢❛❤r✉♥❣❡♥✳ ❙♣r✐♥❣❡r❱❙✱ ❲✐❡s❜❛❞❡♥✳
◆✉♥♥❛❧❧②✱ ❏✳ ❈✳ ✭✶✾✻✼✮✳ Ps②❝❤♦♠❡tr✐❝ ❚❤❡♦r②✳ ▼❝●r❛✇✲❍✐❧❧✱ ◆❡✇ ❨♦r❦✳
Pr✐♦r✱ ▼✳ ✭✷✵✶✵✮✳ ❨♦✉✬✈❡ ❡✐t❤❡r ❣♦t ✐t ♦r ②♦✉ ❞♦♥✬t❄ ❚❤❡ st❛❜✐❧✐t② ♦❢ ♣♦❧✐t✐❝❛❧
✐♥t❡r❡st ♦✈❡r t❤❡ ❧✐❢❡ ❝②❝❧❡✳ ❏✳ P♦❧✐t✳✱ ✼✷✿✼✹✼✕✼✻✻✳
❘ ❈♦r❡ ❚❡❛♠ ✭✷✵✶✹✮✳ ❘✿ ❆ ▲❛♥❣✉❛❣❡ ❛♥❞ ❊♥✈✐r♦♥♠❡♥t ❢♦r ❙t❛t✐st✐❝❛❧ ❈♦♠✲
♣✉t✐♥❣✳ ❘ ❋♦✉♥❞❛t✐♦♥ ❢♦r ❙t❛t✐st✐❝❛❧ ❈♦♠♣✉t✐♥❣✱ ❱✐❡♥♥❛✱ ❆✉str✐❛✳
❘❛②❦♦✈✱ ❚✳ ❛♥❞ ▼❛r❝♦✉❧✐❞❡s✱ ●✳ ❆✳ ✭✷✵✵✻✮✳ ❆ ❋✐rst ❈♦✉rs❡ ✐♥ ❙tr✉❝t✉r❛❧
❊q✉❛t✐♦♥ ▼♦❞❡❧✐♥❣✳ ❊r❧❜❛✉♠✱ ▼❛❤✇❛❤✱ ✷✳ ❡❞✐t✐♦♥✳
❘❡✈❡❧❧❡✱ ❲✳ ❛♥❞ ❩✐♥❜❛r❣✱ ❘✳ ❊✳ ✭✷✵✵✾✮✳ ❈♦❡✣❝✐❡♥ts ❛❧♣❤❛✱ ❜❡t❛✱ ♦♠❡❣❛ ❛♥❞
t❤❡ ●▲❇✿ ❈♦♠♠❡♥t ♦♥ ❙✐❥ts♠❛✳ Ps②❝❤♦♠❡tr✐❦❛✱ ✼✹✿✶✹✺✕✶✺✹✳
❙❛r✐s✱ ❲✳ ❊✳ ❛♥❞ ❆♥❞r❡✇s✱ ❋✳ ▼✳ ✭✶✾✾✶✮✳ ❊✈❛❧✉❛t✐♦♥ ♦❢ ♠❡❛s✉r❡♠❡♥t ✐♥str✉✲
♠❡♥ts ✉s✐♥❣ ❛ str✉❝t✉r❛❧ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤✳ ■♥ ❇✐❡♠❡r✱ P✳ P✳✱ ●r♦✈❡s✱
❘✳ ▼✳✱ ▲②❜❡r❣✱ ▲✳ ❊✳✱ ▼❛t❤✐♦✇❡t③✱ ◆✳ ❆✳✱ ❛♥❞ ❙✉❞♠❛♥✱ ❙✳✱ ❡❞✐t♦rs✱
▼❡❛s✉r❡♠❡♥t ❊rr♦r ✐♥ ❙✉r✈❡②s✱ ♣❛❣❡s ✺✼✺✕✺✾✼✳ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦✳
❙❛r✐s✱ ❲✳ ❊✳ ❛♥❞ ●❛❧❧❤♦❢❡r✱ ■✳ ◆✳ ✭✷✵✵✼✮✳ ❉❡s✐❣♥✱ ❊✈❛❧✉❛t✐♦♥✱ ❛♥❞ ❆♥❛❧②s✐s
♦❢ ◗✉❡st✐♦♥♥❛✐r❡s ❢♦r ❙✉r✈❡② ❘❡s❡❛r❝❤✳ ❲✐❧❡②✱ ❍♦❜♦❦❡♥✳
❙❛r❦❛r✱ ❉✳ ✭✷✵✶✹✮✳ ▲❛tt✐❝❡ ●r❛♣❤✐❝s✳ ❈❘❆◆✱ ❘✲P❛❝❦❛❣❡✱ ✈❡rs✐♦♥ ✵✳✷✵✲✷✾
❡❞✐t✐♦♥✳
❙❝❤❡r♣❡♥③❡❡❧✱ ❆✳ ❈✳ ❛♥❞ ❙❛r✐s✱ ❲✳ ❊✳ ✭✶✾✾✼✮✳ ❚❤❡ ✈❛❧✐❞✐t② ❛♥❞ r❡❧✐❛❜✐❧✐t② ♦❢
s✉r✈❡② q✉❡st✐♦♥s✿ ❆ ♠❡t❛✲❛♥❛❧②s✐s ♦❢ ♠t♠♠ st✉❞✐❡s✳ ❙♦❝✐♦❧✳ ▼❡t❤♦❞s
❘❡s✳✱ ✷✺✿✸✹✶✕✸✽✸✳
❙❝❤✐♠♠❛❝❦✱ ❯✳✱ ❑r❛✉s❡✱ P✳✱ ❲❛❣♥❡r✱ ●✳ ●✳✱ ❛♥❞ ❙❝❤✉♣♣✱ ❏✳ ✭✷✵✶✵✮✳ ❙t❛❜✐❧✐t②
✷✶
❛♥❞ ❝❤❛♥❣❡ ♦❢ ✇❡❧❧ ❜❡✐♥❣✿ ❆♥ ❡①♣❡r✐♠❡♥t❛❧❧② ❡♥❤❛♥❝❡❞ ❧❛t❡♥t st❛t❡✲
tr❛✐t✲❡rr♦r ❛♥❛❧②s✐s✳ ❙♦❝✳ ■♥❞✐❝✳ ❘❡s✳✱ ✾✺✿✶✾✕✸✶✳
❙❝✐❡♥t✐✜❝ ❙♦❢t✇❛r❡ ■♥t❡r♥❛t✐♦♥❛❧ ✭✷✵✶✺✮✳ ▲✐sr❡❧ ✾✳✷✳ ❙❦♦❦✐❡✳
❙❝♦tt✱ ❆✳ ❛♥❞ ❏❡ss♦♣✱ ❈✳ ✭✷✵✶✸✮✳ ❯❑ ❍♦✉s❡❤♦❧❞ ▲♦♥❣✐t✉❞✐♥❛❧ ❙t✉❞② ✭❯❑❍▲❙✮
❲❛✈❡ ✸✿ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt✳ ❚❤❡ ■♥st✐t✉t❡ ❢♦r ❙♦❝✐❛❧ ❛♥❞ ❊❝♦♥♦♠✐❝
❘❡s❡❛r❝❤✱ ❯♥✐✈❡rs✐t② ♦❢ ❊ss❡①✱ ❊ss❡①✳
❙❤❛♣❧❛♥❞✱ ❏✳ ❛♥❞ ❱❛❣❣✱ ❏✳ ✭✶✾✽✽✮✳ P♦❧✐❝✐♥❣ ❜② t❤❡ P✉❜❧✐❝✳ ❘♦✉t❧❡❞❣❡✱ ▲♦♥❞♦♥✳
❙✐❥ts♠❛✱ ❑✳ ✭✷✵✵✾❛✮✳ ❖♥ t❤❡ ✉s❡✱ t❤❡ ♠✐s✉s❡✱ ❛♥❞ t❤❡ ✈❡r② ❧✐♠✐t❡❞ ✉s❡❢✉❧♥❡ss
♦❢ ❈r♦♥❜❛❝❤✬s ❛❧♣❤❛✳ Ps②❝❤♦♠❡tr✐❦❛✱ ✼✹✿✶✵✼✕✶✷✵✳
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